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ABSTRACT

Rapid Transit Network Design (RTND) is a relatively new type of Transit Network Design
(TND) that aims to find the best set of rapid transit routes. It considers special characteristics
of rapid transit routes, and can thus fully exploit the potential of transportation networks for
creating them. In this study, a meta-heuristic algorithm is proposed for RTND, namely a
simulated annealing algorithm (SA), which has been adapted for RTND. The objective of the
algorithm is to maximize rapid transit network coverage. For achieving this goal, the route
generation procedure first specifies a set of candidate routes. Some practical assumptions
are made about the conditions of an acceptable route in this step. Next, SA is applied to
perform the search process through the candidate set. Some innovative approaches are
applied in order to speed up the SA algorithm. The algorithm is implemented in C# and a
benchmark problems is used to evaluate its efficiency. Comparison between this algorithm
and three previous studies proves the reliability and effectiveness of the method. Moreover,
the most important aspect of this method is that it depicts excellent efficiency and accuracy
as a practical method for being used for large-scale networks.

Keywords: rapid transit, network design, simulated annealing.
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INTRODUCTION

Having an effective public transportation system is essential in achieving a sustainable
transport system, simply because satisfying the increasing demand, just by construction of
new streets and improvement of the existing ones, is not a cost-effective and practical
approach. As a result, expansion and improvement of the public transportation system is a
common strategy for all transportation planners. There are, however, many obstacles in the
path, the most important one of which is transit network design.

Network design is the first stage of transit service planning process (Ceder and Wilson,
1986). The main goal of Transit Network Design (TND) is to define a set of routes, each
route being determined by a set of consecutive links and stations. The most frequent among
the objectives used in this stage are minimizing passengers travel time (Lee and Vuchic,
2005), minimizing operational costs (Wan and Lo, 2003), combination of these two objectives
(Borndorfer et al., 2005; Tom and Mohan, 2003), and combination of these two and other
objectives like maximizing service coverage and minimizing fleet size (Ceder, 2003).
Besides, some studies put the focus on the special aspects of this area. For instance, Zhao
and Ubaka (2004) consider number of transfers and routes directness, and Lee and Vuchic
(2005) consider variable demand. Due to the direct effect of service frequencies on
passengers travel time and required fleet size, frequencies can also be set in this stage in
many studies.

Because of the complexities of transit network design problems, considering all of its
aspects is impossible. Therefore, different objective functions and simplifying assumptions
are used in various studies and thereby, achieving the exact solution has been possible in
some of them. Examples of these are Wan and Lo (2003), and Guan et al (2003). Borndorfer
et al. (2005) and Barra et al. (2007) are other examples that, respectively, apply column
generation and constraint programming to find the exact solution for TND. Despite the
simplification in these studies, exact solution only can be found in small and medium-sized
networks. This issue has led the researchers to employ approximate methods to solve the
problem.

Generally, approximate methods for solving transit network design problems are
classified to heuristic and meta-heuristic methods. Examples of the heuristic approaches can
be seen in the work of Shih and Mahmassani (1998), and Mauttone and Urquhart (2009).
Along with heuristic methods and in more studies, meta-heuristic methods are applied.
Genetic Algorithm (Tom and Mohan, 2003; Ngamchai and Lovell, 2003), Tabu Search (Fan
and Machemehl, 2008), and Simulated Annealing (Fan and Machemehl, 2006) are some
meta-heuristic methods which are commonly used for TND problems.

Rapid Transit Network Design (RTND) is a type of transit network design that considers
special characteristics of rapid transit networks to design them to be more practical and more
specialized. One of the most important characteristics of rapid transit networks is having
more direct and high-frequency routes. RTND includes defining a set of rapid transit routes
that maximize an essential index such as network coverage.

In recent years, rapid transit network design has been debated in various studies.
Laporte et al. (2005), which is one of the first of such studies, develop as an integer
programming problem and solves it for small networks. The main objective of the model is to
maximize the transit network coverage. Garzon et al. (2005) is another study that analyzes
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RTND problem in regard to transfers. In this paper, the start and the end of all transit routes
(terminals) are assumed to be predetermined. Marin (2007) extends the RTND problem and
solves it for a larger network (9 nodes and 15 links). In this study, some constraints of
previous studies are relaxed and problem is solved more comprehensively.

Because of the intractable computational time that was required to solve RTND problem,
developing faster methods became one of the main goals of subsequent studies. For
instance, Marin and Jaramilo (2009) use accelerated Benders Decomposition to reduce the
solution time. Moreover, Escudero and Munoz (2009) apply a two-stage approach and use
some simplifying assumptions to decrease computational time. In a later study, Kermanshahi
et al. (2010) propose a specialized implicit enumeration algorithm that, in spite of considering
the effect of transfers that makes the problem bigger and more complicated, have a
significantly shorter solution time.

The present study makes use of a model similar to the one by Kermanshahi et al (2010),
and proposes an approximate method to find an acceptable solution for RTND problem in a
reasonable time. The main input of the model is a graph with nodes demonstrating major
transit stations and arcs standing for potential links, which can be selected as a part of rapid
transit routes and connect major stations together. The sequence of links form routes and the
set of all routes build up a rapid transit network. Major stations, also, can be assumed as
origins and destinations of all passengers and the origin-destination demand matrix is
another input of the model used. As the other inputs can be mentioned construction cost of
links and stations, private car travel time matrix, and rapid transit travel time on each link.

The objective of this study is to maximize the rapid transit network coverage, which was
also used in Laporte et al. (2005), Marin (2007), Marin and jaramilo (2009), Escudero and
Munoz (2009), and Kermanshahi et al. (2010). For an OD pair, if rapid transit has an
acceptable travel time when compared to auto, network coverage is available. This
acceptability is determined with the help of Congestion Factor (). In this study, it is assumed
that for each OD pair, when transit time is not greater than predetermined multiplier (n) of
auto travel time, the transit system is acceptable and this pair is covered. Another
assumption is the independence of auto travel times from transit travel times. Because of this
assumption, therefore, private car travel times between OD pairs are predefined as one of
the model inputs.

For achieving the above-mentioned objective, first, the feasible routes which are
susceptible of presence in the optimal solution are selected and introduced as the set of
candidate routes. And then, the optimal combination is selected from these feasible routes.
The feasibility is defined by some constraints on the length and directness of routes. Some
other constraints are imposed in selecting the optimal route combination.

The subsequent sections of this paper are organized as follows: The next section
presents the mixed integer programming model for RTND problem. The objective function
and related constraints are also described. Then, the simulated annealing-based approach is
proposed to search for the optimal route combination. Next, the proposed solution
methodology is applied to a sample networks and the numerical results are also discussed.
Finally, the work is summarized and some future plans are discussed.
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PROBLEM FORMULATION

In this study, a linear mixed-integer formulation is presented for the rapid transit network
design problem. First, the parameters and variables are defined.
The parameters of the model are:

G = (V, A) denotes a transportation network, comprised of a set of nodes, ', and a set of
undirected links, A. (|N| =nand |A| =e);

W = set of OD pairs, denoted by w = 1, ..., n?;

o(w) = origin of OD pair w;

d(w) = destination of OD pair w;

P = set of candidate transit routes, used as an input to the model, denoted by p = 1, ..., k;
N (i) = set of neighbors of node i, (N(i) € N and k € N(i) & ki € A);

Ty = [ti]-]1><e = rapid transit travel time on each network link;

C = [cP]yxx = construction cost of transit routes;

Upri = [u;"ri]nxn = private car travel times between OD pairs;
A= [65] k= transit routes' incidence matrix (6§=1 if route p traverses edge ij; =0 otherwise);
ex

D =[dY], 2 travel demand matrix;

L = maximum allowed number of routes;

M = congestion factor;

TP = transfer penalty which is added to transit travel time for every transfer; and

M = a big enough number.

The variables of the model are:

Y = [yP];«k = selected routes vector. yP = 1 if route p is selected; =0 otherwise.

fi' =1 Iflink ij is used by OD-pair w in transit network; =0 otherwise.

w,p
ij

otherwise.

x..~ = 1If link ij is used by OD-pair w in transit network, and is a part of route p; =0

tr}¥ =1 If OD-pair w transfer at node i; =0 otherwise.

T = [tw]laxn = 1 If OD-pair w uses transit mode; =0 otherwise.

Upub = [u;"ub] axn = OD pairs transit travel time matrix, u;"ub is sum of link travel time and
transfer penalties (if any).

z(Y) = transit network coverage of vector Y.
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Using the above definition, the model formulation is as follows:

(P1)

Maximize z(Y) = z dy Xty (D

wEW
Z yP <L (2)
p
Z YWxcP<B  (3)
p
-1 k=o0o(w)
ieN (k) JEN(k) 0 otherwise

xP < sg xyP  V(i,j) €AVYWEW,pEP (5)

< Z X V(i) EAYWEW  (6)
p

ZkEN(i) x,tvi'p + tT'iW = ZkEN(i) xl.v;/{’p Vi € N, Yw € W,p eEpP (7)

Upyp = Z tijzx;";’p + TPZ tr” vywew  (8)

IjEE p ieN

Wy —Hup —M(1—6,) <0 YweW  (9)

The main deciding variables of the model are yP, which determine whether each route is
present in the optimal route combination or not. As mentioned before, the objective of this
model is to maximize the rapid transit network coverage. In the objective function, tV are
binary variables that take value 1 if and only if for passengers of OD pair w desirability of
rapid transit is higher than a private car. This desirability is defined by constraints (9).
Besides, in the objective function, d,, refers to the travel demand.

Constraints (2) force the number of routes in the optimal route combination to be equal
to or less than a predefined value. Constraint (3) is the budget constraint. In this constraint,
cP is route construction cost which is determined with regard to the costs of links and stations
present in a route and given to the model as a parameter. Constraints (4) are conservation of
flow constraints for a unit flow per each OD pair. Indeed, these constraints demonstrate
continuity of routes between each OD pair. Constraints (5) show that a link can be accessed
by passengers as a part of route p only if route p is in the optimal combination and contains
this link. Constraints (6) state that a link has been used by an OD pair only if at least one of
the routes which are used by this OD pair across the link. With the assistance of constraints
(7), the nodes in which OD pair w transfer are identified and the corresponding variables tr
take value 1. Furthermore, constraints (8) calculate the travel times in the transit network and
store them in variables up,.

If the values of vector Y are determined, constraints (2) and (3) can be left out.
Consequently, because objective function and remaining constraints are decomposable
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based on each OD pair, model P1 can be decomposed into n? model like P2. In each of
these models, the vector Y is predetermined, and index w has a constant value.

(P2)
Maximize d,.t, (10)
-1 k=o0olw)
fik — Z fk‘”j-={ 1 k=dw) vk €N (11)
iEN (k) JEN (k) 0 otherwise

P <8y .y? V(@j)eApeprP (12)

Y < Z P v )eEA  (13)
p
ZkEN(i) x,‘c”i’p + tTiW = ZkEN(i) x;’;’c'p VieN,peP (14)

u;’,"ub = z tijz:xg’p + sz tr” (15)

i{JEE ) iEN

uzvub - :uu;/ri - M(l - tw) <0 (16)

For more simplification, Constraint (16) is represented as below:
Mt,, < —upy, + pugy, + M (16"

Since the objective function is multiple of t,,, this variable is only present in constraint
(16), and in this constraint, upper bound of t,, defined by —u;"ub, instead of maximizing d,,.t,,

in objective function, ug,;, can be minimized. Thus, Model P2 can be rewritten as:

(P3)

Minimize Z tiij;?” +TPZtriW (17)

ijEE 14 iEN
(11),(12),(13),and (14)

As it can be seen, if vector Y is determined, the RTND problem decomposes into n?
problem in form of P2, each of which is a shortest path problem. Considering that shortest
path problems, owing to their specific solution methods, are solved in a significantly lower
time, the decomposition can be used for solving rapid transit network design problem in a lot
less time. In this approach, feasible values of Y are searched in order to find the optimal
solution. In each step of the searching process, after choosing the route combination, the
objective function is calculated by solving the P3 problems and using constraints (16).

12" WCTR, July 11-15, 2010 — Lisbon, Portugal

6



Rapid Transit Network Design Using Simulated Annealing
Kermanshahi, Shahab; Shafahi, Yousef; Mollanejad, Mostafa; Zangui, Mahmood

FEASIBLE ROUTES GENERATION PROCESS

Considering the characteristics of the SA method, which is going to be elaborated
further, it is necessary to first identify the feasible routes. In the problem we are dealing with,
a route is considered feasible if it meets the two conditions of having an acceptable length
and not entailing a tour. The permissible range for the length of each route is defined by the
two parameters of minimum and maximum acceptable lengths, which are determined by the
planner with due attention to the network characteristics. The necessity for not having tours
is also considered because of the special rapid transit network features.

SIMULATED ANNEALING

Simulated Annealing (SA) is a meta-heuristic algorithm based on the local search that
has the capacity for avoiding local optimums. Furthermore, its ease of use and convergence
nature has made it into one of the most popular techniques in the field. In general, simulated
annealing is utilized for discrete problems and less commonly, for continuous optimization
problems.

In each iteration of the mentioned algorithm, the objective function is compared on two
solutions (namely, the current and candidate solutions). All of the improving solutions and
only a part of the non-improving solutions are accepted (with the aim of avoiding local
optimums and reaching a global optimum). The probability of non-improving solutions being
accepted depends on the temperature parameter, which usually decreases with the
proceeding of the algorithm.

In this study, the SA algorithm is employed as a sequence of homogeneous multi-chain
Markov, in a manner that the temperature, T, is kept constant for a certain number of
iterations (internal loops) and then reduced on a pre-determined schedule. The number of
these reductions (external loops) is pre-determined as well. The various steps of the SA
algorithm are displayed in Figure 1.

Neighborhood structure and initial solution

In the process employed in this study, only one type of move is defined and that is the
exit of a route from a route combination and the entry of a candidate route into the
combination. In this manner, the mere difference of each two neighbor solutions would be
only one route. Considering the fact that in this method, the set of feasible routes is
introduced before the commencement of the SA algorithm, the definition of the neighborhood
structure on the basis of routes replacement is reasonable, and despite the inherent
advantages of small neighborhoods in the SA performance, defining such a big
neighborhood in the problem is inevitable. It must be mentioned, however, that this definition
has become an advantage of the SA method in the candidate solution section due to its
proposal of a suitable strategy. This neighborhood structure is, furthermore, influential on the
method for choosing the initial solution.
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Generation and
evaluation of initial
solution (S0)

v

Candidate solution

generation
(Scandidate)

Sy = current solution

(Scurrent)
i=1,j=1, T=T,

v

Candidate solution
evaluation

i++
=1
T=RF.T

Acceptance
Criterion?

Updating current
solution
Scurrent=scandidate

jis less than
maximum number

of inner loops?

Yes

i is less than

Yes .
maximum number

of outer loops?

Figure 1 — SA algorithm steps
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In the present SA algorithm, the initial solution is chosen in a completely random manner
due to the rapid access to all the points of the feasible region. Faster access to different
points of the feasible region lowers the influence of smart choice of the initial solution and in
the solving method proposed here, the neighborhood structure is in a manner that in a
problem with 10-route combinations, access to each point of the feasible region would be
possible at most after 10 iterations. This complicates the cost-effectiveness justification of
choosing a suitable initial solution.

Candidate solution generation

In order to choose a neighborhood as a candidate solution, a route from inside the
current route combination and one from outside must be chosen, so that with replacing the
old route with the new one, a new solution is achieved in the previous solution neighborhood.
In this method, the route to be replaced is chosen randomly while the new route to replace
would be selected in a smart approach.

Due to the high number of routes outside the solution, there exist a lot of choices for the
entering route. Randomly choosing the entering route would allow the nomination of only one
route in each iteration and thus each route must pass through numerous iterations. This
would finally lead to a reduction in the convergence speed toward good solutions, since
suitable routes must wait for being randomly chosen just like the others. In this study, the
entering route selection process attempts to create the influence of the features of each route
in the selection process and thus resolve the above mentioned shortcoming. This process
and the other elements of the candidate solution generation process are displayed in Figure
2.

In this figure, it can be seen that the entering route may be chosen using criterion 1, 2 or
just randomly. The probability of each of these options is determined by the planner and kept
constant throughout the SA algorithm. If one of the two criteria is employed for the choice,
the entering route would be proposed through assessment of a significant number of routes
(In this study, 5 percent of feasible routes is assessed) and choosing the best. It is worth
mentioning that criterion 1 considers network surface expansion and criterion 2 attempts to
establish better coverage in the more important parts of the network from demand viewport.

In criterion 1, the new route must be capable of connecting new stations to the network
which were not connected to it before. In order to assess this capability, the desirability index
D1 is calculated for a large number of routes and the route with the highest desirability is
chosen.

D1k= ZO’l’. 2d11+2d]l 'Rk
J J

{ENy
in which

Ny = the set of stations in the network crossed by route k;

o; = 1 if station i is connected to the network; = 0 otherwise; and
d;; = demand from node i to node j.
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number of OD pairs on route k not directly connected before

k total number of OD pairs on route k

R is a parameter to show the extent of novelty of a proposed route to the network. For
instance, if the new route is a subset of one of the routes present in the network, Ry would
equal zero. This parameter is multiplied into the two criteria employed and includes the
impact of the new route’s novelty in them.

Random selection of
exiting route

v

r = random(0,1)

Choosing the route with
the highest D1 index by
assessing a large number
of routes (Criterion 1)

Choosing the route with
the highest D2 index by
assessing a large number
of routes (Criterion 2)

Random selection of
entering route

Replacing the exiting route
with the entering one

I

End

Figure 2 — Elements of candidate solution generation process
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Criterion 2 identifies the routes that cover the more-demanded points. The desirability
index D2 is defined as follows for this purpose:

D2k= Z Zdu‘l‘Zd]l 'Rk
j j

iENg

Index D2 is directly related to the number of more important stations it connects which
were not connected before. Like criterion 1, if this criterion is employed in choosing the
entering route, the route with the highest D2 is chosen and nominated from among a large
number of routes.

Solution evaluation process

As mentioned before, if the routes present in a solution (Y) are given, the problem can
be decomposed for any OD pair. Thus, the objective function can be calculated through
solving the problems resulting from the decomposition, which are the shortest path problems
for the OD pairs of ensuring network. In this study, the Floyd-Warshall algorithm is employed
to solve the shortest path problems. In order to consider the transfers, a network
representation as shown in figure 3 is used. In this representation, each node is replicated for
L times and each of the routes in the route combination can only pass through its related
node. The construction cost of virtual links between the virtual and base nodes is zero and
the travel time from the base node to these nodes equals the transfer penalty. As a result, for
each transfer, a time equal to the transfer penalty would be added to the passengers’ travel
time. Existence or absence of coverage for each of the OD pairs would also be determined
after the calculation of the shortest path in the transit network and its comparison to the travel
time using private cars (constraints 16). In each iteration of the SA algorithm, the routes
present in the combination are given and the amount of the objective function can be
calculated by the above method and employed in the acceptance criterion.

Route L ,,f"—f\\~\\
et SSLTP
” . \\
d ° N
’ ° \
| P Route 2
! -7 2 TSP !
\\ x \\ //
\\ / ‘ \ /, ]
Route 1 ~~_ " AN S B Basic node
SsoN ¥ Y 4 .
R ORI e € Replicated node
.0 ---Transfer link

Figure 3 — Representation of nodes to consider transfer penalties
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Acceptance criterion and cooling schedule

In the SA algorithm, the acceptance criterion for the candidate solutions is based on
Metropolis Criterion. If f is the objective function for an optimization problem, after the
generation of a candidate solution in each iteration, the extent the objective function of the
candidate solution increases in comparison to the present solution, Af, is calculated. The
probability of acceptance for a candidate solution equals exp(Af /T), if the objective function
decreases, and equals one otherwise. With the continuation of this process, the system
would progress towards equilibrium and after a large number of iterations, the probability
distribution of the solutions would converge to the Boltzmann Distribution.

The cooling schedule in the simulated annealing includes initial temperature, a plan for
lowering it and the termination criterion. The development of an effective cooling schedule
plays a critical role in minimizing the time needed by the algorithm to reach an acceptable
solution. In the proposed SA method, the initial temperature is determined in a manner that in
the beginning, around 60 percent of the inferior solutions are accepted too. As depicted in
figure 2, the cooling schedule includes multiplying the reduction factor (RF) to the
temperature at the end of each outer loop. This factor may have a value between 0.8 and
0.99, which would remain constant throughout the algorithm. The termination criterion is also
reaching the determined number of outer loops.

COMPUTATIONAL RESULTS

The SA algorithm has been coded and compiled in C# and then used for the RTND
problem in an example network in order to be assessed in terms of efficiency. This example
is a medium-sized network with 9 nodes and 15 links that was first proposed by Marin (2007)
and whose optimal routes were identified through different combination of parameters. After
Marin, Escudero & Munoz (2009) and Kermanshahi et al (2010) also solved RTND problem
on this network. The calculations for this example were carried out on a system using a 3-
GHz Pentium 4 processor with a 1-gigabyte internal memory (in order to compare with the
previous studies). Figure 4 shows the transportation network of this example. The numbers
written on the links are their construction cost and length respectively, while the same cost
for nodes are written beside them. Moreover, demand and travel time for private cars,
separately for each OD pair, have been determined by D and UP™ matrices respectively.

0 9 26 19 13 12 13 8 117 (— 1.6 08 2 2.6 25 3 2.5 0.8]
11 0 1426 7 18 3 6 12 2 —09121525272418
3019 0 3024 8 1512 5 1514 - 1309 2 16 2309
21 9 11 0 22 16 25 21 23 19 2 19 — 18 2 1912 2
D=|1414 8 9 0 2016 14 12|, U™ =|3 15 2 2 — 151118 17
26 1 222413 0 16 14 12 212722 1 15 — 0909 29
8 6 9 23 6 13 0 11 11 282315180908 — 1321
9 2 1420181611 0 4 2822 2 11150819 — 0.3
L8 7 11 2227 17 8 12 0 L1 151127191824 3 -
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(2.2)

(1.7,0.5)

(2.2) (2.5)

Figure 4 — Transportation network in example 1

Table 1 compares the results of this study with those of Marin (2007), Escudero &
Munoz (2009) and Kermanshahi et al (2010). The employed SA algorithm has 30 inner and
30 outer loops. The initial temperature and the reduction factor were chosen at 200 and 0.9
respectively, while Pry and Pr, were 0.4 and 0.5 respectively. The SA results presented in
table 1 are average of 20 sample runs.

Table 1 — Results comparison for example 1

*

z CPU time

b M
Ma Sc KE SA Ma Sc KE SA

28| 0.75 | 361 361 361 361 8 hour 21s | 0.3s | 03s

28 1 466 466 | 466 | 464 8hour | 111s | 0.3s | 0.3s

28| 1.5 522 522 | 522 | 520 8hour | 290s | 0.3s | 0.3s
48 | 0.75 | 672 672 | 672 | 663 | 233min | 3.6s | 1.3s | 0.6s
48 1 912 912 | 912 | 904 | 898 min | 30.3s | 1.3s | 0.7s
48| 1.5 | 1035 | 1035 | 1035 | 1026 | 165 min | 3.5s | 1.3s | 0.6s

As shown in Table 1, the SA algorithm provided acceptable results compared to the
previous studies. This method, despite reasonable accuracy, takes less time. The reduction
of time needed in this method was not significant in comparison to the study by Kermanshahi
et al (2010), but, since the computational time increases exponentially with the network size,
using other methods would not be possible for larger networks. This is while SA gives
satisfactory results with any time budget.
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CONCLUSION

In this study, a meta-heuristic method based on simulated annealing was used for the
rapid transit network design, and a benchmark problem was also employed to compare this
method with the methods already exist in the literature. The proposed SA algorithm is able to
find a solution with satisfactory accuracy, in a shorter time compared to the previous
methods. This is possible, in the first place, due to the suitability of the problem
characteristics for the utilization of local search, and in the second, to the smart method used
for the selection of the routes entering the route combination in the algorithm.

The computational study shows that the SA algorithm gives extremely accurate (error of
less than 1 percent) approximate solution more than 250 times faster than Escudero &
Munoz (2009), and 1.5 times faster than kermanshahi et al. (2010). As a result, the proposed
algorithm can tackle the bigger problems more easily.

Future research can involve investigations of possible improvements of the SA algorithm
in terms of generation of the candidate solutions, optimal combination of parameters, as well
as cooling schedule. Comparing proposed SA algorithm to the other meta-heuristics can be
considered too. Moreover, hybrid meta-heuristics can be suggested in future studies.
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