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INTRODUCTION

A number of works on joint determination of price and output of public transport
have been presented over the last decades. A common conclusion is that optimal price
falls short of average variable operator cost. Mohring {1972], Turvey and Mohring
[1975], J. O. Jansson [1984] deal with price and service frequency, using models which
are most relevant for frequent urban services and assuming one passenger group. Nash
{1978] optimizes price and output in terms of miles operated for frequent urban bus
services, contrasting maximum profit and maximum welfare solutions and assuming
demand in terms of passenger miles to be dependent on price and bus miles operated.
Panzar {1979] analyzes infrequent airline services, assuming demand to be dependent on
price and service frequency and allowing for a distribution of ideal departure times.
These works consider demand from all passengers, or from one representative group
travelling the @verage distance, with no concern for where passengers board and alight.
This paper takes into account a variety of passenger groups - -where a group is defined
as those travelling between one specific Origin-Destination (O-D) stop pair - - and in
principle all public transport modes. It is shown (a) that optimal prices vary with distance
at a higher rate for long-distance than for urban public transport, and (b) that optimal
financial deficit per passenger is typically smaller for long-distance than for urban public
transport.

Here we depart from the obvious fact that consumer demand for public transport
typically relates to specific O-D stop pairs. Supply, on the other hand, relates to service
volume, which typically meets demand for a number of O-D pairs on a route. Supply can
be specified in terms of number of transport units (vehicles or trains) per hour as 1s done
here. This approach differs from that usually taken in the literature. For example, the
approach in Nash [1978] assumes that "the producer produces output in terms of
passenger miles while the consumer consumes passenger miles."; Here we maximize
consumers' plus producer's surplus with respect to the output variables of service
frequency and unit size, and with respect to price for each of the passenger groups, i.e.,
price in each O-D pair.

The decision problems of the Public Transport Authority and its passengers are
defined in section 1. Section 2 presents the objective function and optimum for the policy
variables and includes interpretations of the results for the unconstrained and constrained
optima. The main conclusions are stated in section 3.

The paper is a modified short version of chapter 2 in a work by Jansson K. [1991].

This work is also referred to for readers who are interested in the mathematical
derivations behind the analysis and results presented here,
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1. THE PUBLIC TRANSPORT AUTHORITY AND ITS PASSENGERS

1.1 The Public Transport Authority.

The PTA is assumed to deal separately with each route and each time period in a
specific network, with given residential areas and activity centres and given distances
between stops. Demand is thus taken to be specified for certain periods, such as the
average weekday afternoon peak hour in wintertime, the average Saturday etc. Only one
type of charge -- a per-trip price -- is considered.

The policy variables available to the PTA are assumed to be () prices, (b) transport
unit size, where a unit is a bus, a plane, a train etc. and (c) service frequency, which is
the number of units that depart per hour. The PTA reaches decisions about relevant
inputs and prices well ahead of implementation because of: a necessary planning lag. All
factors of production that are variable between decision and implementation are therefore
considered relevant for the joint decision on the magnitude of policy variables.

The route is a y kms long round trip. The round-trip time of the service is
h=b% X;/F+ yrY¥ hours, where b is fixed boarding time per passenger, Xjis the number of
passengers belonging to group j(1,....,i,j,....,J), F is the number of departures per hour
(frequency), XX;/F is the number of passengers per departure belonging to group j and
IY is the remaining (passenger independent) run time per kilometre, assumed to be
constant. A group is thus denoted with subindex i or j, but for the sake of simplicity
indices are often omitted, e.g., in sum expressions. Arguments of functions are
throughout delimited by [], while polynoms are delimited by ().The number of units
(carriages for railway mode and vehicles for other modes) needed in each period is
F(bZX;/F+ yrY). If C[] denotes the cost per departure, total operating costs per hour are:

(1) FC[ZXj, F, N,o] = F((c] + c[Na])(bEX/F+ yrY) + 5+ ¢t + ycY[No])

where N is the number of carriages used in a train (N=1 for all modes except train) and o
is the number of seats per vehicle or carriage.

In (1), ] is the capital and personnel costs related to the transport unit (but not
related to the unit size), i.e., costs for the locomotive, the driver, the captain etc. cc[Na]
are the costs directly related to the transport unit size, i.e., certain personnel costs (e.g.
conductors in trains) and capital costs for vehicles and carriages. cY[No] is the distance
(kilometre) cost, which increases with the number of carriages due to track maintenance,
a variable energy consumption (in order to maintain a constant speed, 1Y) etc. ¢ is a fixed
terminal cost per departure, related to the terminals (start and end points of the route), but
not related to number of passengers, passenger groups, unit size, run time or distance. cs
is a stop cost related fo terminals as well as intermediate stops, and thus to the number of
passenger groups, but not to the number of passengers. For example, the terminal cost
might be most relevant for rail transport , while the stop cost might be most relevant for
water and air transport. For bus transport, terminal and stop costs may often be
negligible.
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1.2 The Passengers

A passenger group, supposed to meet a specific price, is defined as those travelling
between one specific Origin-Destination (O-D) stop pair (see figure 1 below). Each
passenger in a group i affects other passengers in the same group as well as passengers
belonging to the other groups using common links, both in terms of crowding (in-vehicle
congestion) and prolonged riding time.

Figure 1. Several passenger groups overlapping
A 1 B 2C 3 D 4 E 5 F 6 G

i=1 |
i=2
i=3
i=4

In figure 1 the route starts at point A and terminates at point G, using the links 1 to
6, calling at the intermediate stops B, C, D, Eand F.

Aggregate consumers' surplus is expressed as a function of "generalized
cost",G=p+ ¢@, where @ is the vector of the travel time components and ¢ is the vector
of monetary time values, i.e., the marginal rates of substitution between price and travel
time components. Although ¢ is assumed to be the same for all individuals within a
group, i.e., the same for all at each point [p,¢], ¢ may be a function of ¢, and vary
among passenger groups. For the sake of simplicity, however, ¢ is here often written
without index for group. The vector @ is here assumed to comprise riding time and
"frequency delay”, which is the time interval between ideal and actual departure time.

Riding time (including boarding) for group i is written
X7

li=Zmihm= Zmi(b—g
passenger-independent riding time on link m, yn is the link length, and Y is the sum

+Ymlm), Where hyis the total riding time on link m, ry, is the

over those links m where group i travels. X;n is the number of passengers in group j

boarding on link m. The cost of riding time for group i is then:

X 2N
(2) Ti= ijTmiEij‘i)[F—Nom]](bT +Ymfm)

Tmi is the riding-time cost of group i on link m, ¢ is the value of riding time,
assumed to be dependent on the occupancy rate, Rm=3X;jn/FNo, which is the number
of passengers per seat in group j travelling on link m, and where we assume that

d¢/0Ryy >0 and 624)/6an >0. The number of passengers per departure on link m is here

sometimes also written as Y.qj/m/No =XXjm/FNo, and the number of passengers per
departure as %.q;/No =3X;/FNo. '
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The interval between departures is 1/F hours. Ideal departure times, t, are uniformly
distributed within this interval, i.e., O<t<1/F. Frequency delay is then<t = 1/F - t. The

cost of frequency delay for a group i isT" [ ?, F, tl= ?[I/F - tJ(1/F - 1), i.e., the delay
eq 1 1 1

multiplied by value of time, which can be a function of the delay. The cost of frequency
delay has been shown to differ between the situations in which passengers use and do
not use timetables respectively, and the impact of this will be discussed later on.

If p denotes the price vector for all groups, the generalized cost of travel for group i
at time tis:

(3) Gilp,FN,o,tl = pi+ ¢igi=pi + Ti + T”;

Demand at time t, X;, and demand per hour, Xj, for each group i is a function of
generalized cost:
1/F 1/F

@  Xilp, F, N,oll=Ff(3si/0Gy)dt = Efxi[Gi[p, F.uldt
0 0

where s; is the consumers' surplus of group i at time t. Note that demand in a certain
group i is affected by the number of passengers in group i and other groups, because
both riding time and crowding (in-vehicle congestion) are affected by passengers. We
know that own-price elasticities, denoted €p, are negative, ep<0. We assume that demand
elasticities with respect to frequency, vehicle size and train size, denoted ef, gn and &g,
are such that O<ep<1, O<en<l, O<eg<l. This rules out the possibility that an increase in
frequency or unit size would generate so many passengers that occupancy rate is
unchanged or increases, and these assumptions seem plausible for virtually all situations.

Aggregate consuiners' surplus for group i is:

1/F 1/F Gimax
5 Silci= Ffsi(EGi[t]]thFf Jxilpldpdt
G

where Gimax is the reservation price in generalized cost terms for the individual in group i
with the maximum reservation price in generalized cost terms.

2. OPTIMUM FOR PRICES, FREQUENCY, VEHICLE SIZE, TRAIN
SIZE AND DEFICIT

2.1 Welfare Maximization and Optimum

The maximization relates to one service during a period normalized to one (hour).
The analysis may then be repeated for other periods and route.
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We form a Lagrangian, L, composed of consumers' plus producer's surplus and the
budget constraint p(XpiXilpi, F, N,ol- FC[Zqi[pi, F, N,o]] - IT), where y is the
multiplier and IT minimum profit:

(6) L =ZSi[Gilp,F, N, oll + ZpiXi[pi, F, N,o} - FC[ZXi[p;, F, N, ol] +
+ pu(EpiXilpi, F, N, o] - FC[ZXi[pi, F, N, o]] - 1)

First-order conditions with respect to prices, frequency, vehicle size and train size
are assumed to represent an optimal solution. For the sake of simplicity we use an
asterisk (*) for optimal values only when required to facilitate reading.

The following themes will be discussed under the assumption (made for the sake of
simplicity and in order to focus on principal aspects) that the budget constraint is not
binding: (i) optimum for financial deficit due to a positive external effect, (ii) optimal
prices for various groups on a route and (iii) optimum for various modes and output
variables. Finally we point to some implications of a binding budget constraint.

If the budget constraint is not binding (#=0) the first-order conditions with respect
to prices, frequency, vehicle size and train size are :
Prices:
x®

J
b—=—+ymr
d6[R YmIm
(7)  pi*= be[Ng] +2XJ/m1¢[Rm] E +2mi 2 Xj/mi q:ng] FNO =K+L+M ;

i=1..J

or, when summed over all passenger groups:

. a
ZiXiZXJ’/ﬂ'c{)[Rm]% 2iXiZmi 2 Xj/mi ‘g[gx:] I:hli]no

X * X ’

7" 22%1 —be[Noj+

The sum 3 X;um; denotes the number of passengers in groups j, who either board at
(the start of) lmk m or pass link m, and who therefore get delayed by passengers in
group i who board at link m. The underlmmg of mi denotes that group i passengers
board at link m. The sum XXj/ny; denotes the number of passengers in groups j, who
travel on the link m where passengers in group i travel.

Frequency:

F(yrYc[No}+cg +c + ye[No]) FXyi

spXi _ FC E3y ]
2Xj 22X

® ITX TI% I

= be[No) +
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b d$[R h
ZiXiXjmid[Rm g + ZiXiZmiZXj/mi ¢¢[3R:,] FNG

yrYc[NG] +cg +ct + yc¥[No] - 2y

(8) F*=

Vehicle size:

b d acY
%) 2piXi _ be[No] + ZiXin/ﬂ¢[Rm]F' OF(a_g(bZXj/F+ Y+ y -a—o-)

2Xi 2iXi ¥ 2Xj
d$[R,
ZiXiij_Zij/mjg;%m"@l Fl}\%o
®9 o = dc dcY
FEhs 150

Train size (noting that marginal boarding time, b, is assumed to be negligible and
set to zero for this mode):

de dcY
(10 SpiXi NF(WI‘Y+ W)
) 3% T 5X;
d¢[Rm] h
o e ZXiZmiZXjim 3R FNG
(109 - dcY

3
F(Wfﬂr'r + S

According to (7), the optimal price equals the increase in social cost due to an
additional passenger, i.e. the marginal cost of production plus the negative external cost
borne by fellow passengers. The first term on the right hand side, X, is the producer's
marginal cost, proportional to the boarding time per passenger. The second term, L,
reflects the marginal boarding-time cost borne by passengers, 1.e. the cost of prolonged
riding time due to boarding. The third term, M, reflects the marginal crowding (in-vehicle
congestion) cost, i.e., the cost of increased occupancy rate caused by an additional
passenger. (8), (9) and (10) say that the average of optimal prices equals: the increase in
operators' cost minus the passenger benefit, per passenger, due to a one unit increase in
frequency according to (8) ; according to (9) it equals the increase in operating cost and
riding time cost of an additional passenger plus the cost per passenger of one more seat,
according to (10) it is the operating cost per passenger of one more carriage.

2.2 Optimum for financial deficit due to a positive external effect

The purpose of this section is to combine the role of the distinction made in Jansson
[1991], between situations where passengers use time tables (case I) and situations
where they do not (case II), with empirical findings concerning frequency delay, in order
to indicate the magnitudes of the deficits for urban, regional and inter-regional transport.

For the situation in which the value of frequency delay is constant, i.e.,
independent of the delay, it has been shown (in Jansson [1991]) for the optimal deficit
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per passenger, Fy/X (index omitted), that max{FyV/X} =¢™/2H (case I), while Fyl/X
=p™/2F (case 1I). The question of whether the deficit per passenger is higher or lower
when passengers use or do not use timetables is thus dependent on the value of
frequency delay and optimal frequency in each case. Let us now, assuming that the value
of frequency delay is constant, calculate the deficit term using empirical findings.

For urban transport, a revealed-preference study in Sweden (Algers, Colliander and
Widlert [1985]) shows that the value of frequency delay (as an average over persons and
delays) is around four to five times higher for journeys where people do not use
timetables than for journeys where they do. Let us assume for example that ¢T/¢™ =4,
Let us further assume that passengers use timetables if the interval is over 10 minutes
(F <6). The set of frequencies, €2, for which the deficit per passenger is higher where
passengers do not use timetables than where they do is then Q ={F,FIl : 0.25FII<Fl< 6},
e.g., Q={FI=3, Fll < 12}. The conclusion that no use of timetables corresponds to a
higher deficit than use of timetables thus seems to apply to a great proportion of urban
public transport. In monetary terms the same study indicates that the value of frequency
delay for frequent service (waiting time) is about £10 (SEK100) per hour. If we assume
a typical frequency in urban bus service to be 8 per hour, the optimal deficit would thus

be £4T1/2H = £10/2:8= £0.67. For operating costs in Stockholm this value corresponds
to approximately 50 percent of variable costs for an inner-city bus journey taking 8
minutes and to 35 percent of variable costs for a suburban bus journey taking 15
minutes. In a stated preference (SP) study in England on commuter-rail journeys with 30
minutes headway (Fowkes and Preston [1989]), for which most passengers can be
assumed to use timetables, the value of riding time was found to be £1.0/hour and the
value of frequency delay £0.65/hour. The average distance was 15 kms and the average
price £1.0. If price is taken to be a proxy for average variable cost, the deficit is £¢T/2F=

£0.65/2:2=£0.16, i.e., 16 percent of the average variable cost.

For inter-regional transport, a SP study in England (Fowkes and Wardman [1987])
of inter-city rail journeys indicates that the average value of frequency delay is
£3.60/hour. The average journey time is 2.5 hours and the headway is 1 hour. If the
estimated average price equal to £20 is taken to be a proxy for average variable cost, the

optimal deficit would be $¥/2F= £3.60/2+1 = £1.80, corresponding to 9 percent of the
average variable cost. In a SP study in Sweden of inter-city rail journeys (Widlert and
Lindh [1989]), the value of riding time was found to be £5 and the value of frequency
delay 30 percent of this, i.e., £1.50. The average distance travelled was about 300 kms
and the average fare £15. If this fare is a proxy for average variable cost, the optimal

deficit is ¢™/2F= £1.50/2:1=£0.75, i.e., 5 percent of average variable cost.

Although studies of this kind are few, they seem to be consistent enough to indicate
the preliminary conclusion that optimal deficit in relation to average variable cost is in the
range 5-10 percent for long-distance rail services, somewhat higher for urban commuter-
train services and substantially higher, 35-50 percent, for urban bus services.
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2.3 Optimal prices for various groups on a route

In analyzing the variation in optimal prices along a route, we are helped by the first-
order condition with respect to prices (7), since first-order conditions with respect to the
other variables express only the average of optimal prices.

Observing that the optimal price is comprised of three parts, one of which is related
to riding time and distance, this leads to the following conclusions: (i) the first part, the
producer's marginal cost, K, is independent of distance travelled but is higher during the
peak period, due to the fact that vehicle-related costs enter the cost parameter, c; (ii) the
second part, L, reflects boarding cost and increases with the load at the boarding stop,
but is unaffected by riding time; (iii) only the third part, M, which reflects crowding cost,
is dependent on riding time, and is in fact proportional to riding time and number of
passengers.

These conclusions may be illustrated with the help of a simple example: assume a
route with consecutive stops a, b, ¢, d, links ab, bc, cd, with passengers groups
travelling in O-D pairs ab, ac, ad, be, bd, cd.

a b C - d

Assume that ab is the shortest link (measured in riding time), followed by bc and
cd. If the load is constantly high all along the route from a to d, then all prices increase
with riding time, that is, the cd price is highest, followed by bc and ab. The prices are,
however, less than proportional to riding time, since the operator's cost and the boarding
cost are independent of riding time. If the load is much higher for ab than for the other
links, the congestion cost may dominate, i.e., the optimal fare for the short distance ab
may be higher than for the longer distances bc and cd. On the other hand, if the load is
high along bc and cd and low along ab, it may be that the optimal price for bc and cd is
higher than for ab, in a manner that is more than proportional to riding time. Passengers
travelling all along ad are, however, charged less per riding-time minute than ab and cd
passengers.

Assume next that passenger group 1 travels between a and c and that passenger
group 2 travels between b and c. It can then be shown (see K. Jansson [1991]) (i) that
the optimal price for group 1 is likely to be higher than the optimal price for group 2 the
more passengers there are in group 1 compared to group 2; (ii) that the price for group 2
may be higher than the price for group 1 even though both groups actually trave] on the
same section and group 1 in addition travels on another section.

2.4 Optimum for various modes and output variables

The optimum level of the output variables, frequency, vehicle size and train size,
F*, o* and N*, expressed by (8'), (9" and (10", yield the following relationships
between parameter values and optimum for frequency, unit size and crowding: (a) the
higher the unit value of frequency delay is, the higher optimal frequency is in relation to
the optimal size and vice versa; (b) the smaller the marginal costs with respect to unit size
are, the lower optimal frequency is in relation to the optimal size and vice versa; (c) the
higher the unit value of frequency delay is and the lower the marginal costs with respect
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to unit size is, the lower the optimal level of crowding is. Typically ship, train and airline
services are characterized by relatively low marginal costs with respect to unit size for a
wide range of demand, thus implying relatively low optimal frequency and large size.
Buses, on the other hand, will reach the legal limit for unit size at a fairly low level of
demand, thus implying relatively small optimal size and high frequency.

We know from (8), (9) and (10) that the smaller the boarding cost is in relation to
the crowding cost, the less likely it is that optimal prices per kilometre decrease with
distance. Consequently, for modes that stand still at stops for a certain amount of time
more or less independent of the number of passengers, e.g., underground, train,
aeroplane, long-distance bus and ship, the boarding time is negligible, so that optimal
price for each passenger group is the sum of the crowding cost on each link used, a cost
that is directly proportional to riding time. It follows that where links on these modes are
unevenly loaded, longer distances may have lower optimal prices than shorter distances,
whilst where loads are the same, optimal prices are in fact directly proportional to time
travelled. On the other hand, for urban buses, where boarding time is not negligible,
optimal prices are less than proportional to distance travelled even if the passenger load is
constant. Where urban bus services in off-peak are characterized by a low occupancy
rate, the crowding cost part of optimal prices may be relatively low, implying that optimal
prices per kilometre decrease with distance. Taking into account the fact that a
differentiated fares system is more costly both for the passengers and the operator, the
consequence is that a flat bus fare, independent of distance, has a much greater potential
to be optimal in off-peak than in peak.

In the preceding section we concluded, on the basis of empirical data, that optimal
fares for Swedish long-distance rail services cover nearly all variable costs. If the
empirical findings relating to the value of frequency delay, our conclusion is that optimal
train length should be greater and optimal frequency and price lower than they currently
are in inter-city services in Sweden. The reason is that since Swedish Rail utilize much
shorter trains (6-8 carriages) than the platforms have capacity for (14-15 carriages) on
virtually all day-time departures, marginal costs with respect to train size are in fact fairly
small. '

2.5 Optimum with a binding budget constraint

The first-order condition with respect to price, (7), is now modified to:

N C ORmly 0 TOR, OFN  ux; 1
(7") pi*=be[Noj + ijlgu_w+ 2mi 2Xj/mi T - (aXi/éPi) T

The binding constraint means, according to (7', that the optimal price is now the
soctal marginal cost, composed of the operator's marginal cost and the marginal boarding
and crowding costs borne by the passengers, plus a fourth term (in which dX;/dp; <0).
The marginal costs borne by the passengers are, however, discounted by 1/(1+x), which
means that the PTA discounts the valuation of passenger costs by the rate y, i.e., by the
social marginal cost (shadow price) of deficit reductions.

By introducing the following notations:
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] F d Fo
m; = bC[N0]+ZXJ/m1 (1+}4) + ZmiZ J/M;Rﬁ-y_ for marginal social cost,

g; for own price elasticity, & for frequency elasticity, g for vehicle size elasticity,

eiNfor train size elasticity, we can the rewrite the optimal conditions as follows:

pi* -mj _ _-
T E)

F(yrtc[No}+cg+ertyclNa]) FZY*W  ZXi(mi -py)(eip-1)

19 -t 2Xi e 2Xi
2Pifi acY
2PiXi _perN i Xlzxﬂm‘q)[Rm]% 1_1— ZXi(mi-p)(gio-1) OF(_oh*’Y air
> T ZiXi Fo >Xi %
acY
ELXi ZXl(ml‘Pl)(SlN-l) NF(er-;— _.1)

a7n 5 )R X

Expression (14) reflects the Ramsey pricing rule (see e.g. Baumol and Bradford
[1970]), whereby the percentage deviation of prices from marginal costs should be
inversely proportional to the elasticities of demand for the groups in question. The
marginal cost is then understood as the marginal social cost, in which the passenger-cost
element is discounted by the marginal value of deficit reductions. There is empirical
evidence that peak journeys are less price elastic than off-peak journeys and, for certain
distance intervals for local and regional transport, also that long journeys are less price
elastic than short Joumeys.1 Given that the budget constraint is binding, we conclude: (i)
that there is an additional argument (besides capital costs) for peak prices to exceed off-
peak prices; (ii) that there is an additional argument for prices to increase with distance
for local and regional transport, which did not follow from the unconstrained solution.

Let us interpret the constrained optimum, bearing in mind that the budget constraint,
IT=3p;iX; - FC, can be met either by price increases, in order to raise revenues, or by
reductions in frequency and/or unit size, in order to reduce costs. The terms including the
elasticities with respect to frequency, vehicle size and train size respectively, show that
the smaller these elasticities are, the smaller the difference between prices and marginal
costs can be while still fulfilling the constraint, implying that the constraint is met by
reduced frequency or unit size or train size to a greater extent than by increased prices.

ISee for example Transport and Road Research Laboratory [1980]: i) the price elasticity declines with the
length of the journey, at least from short (0-10 kms) to medium long (15-20 kms) journeys, ii) the
average peak elasticity is -0.11, while the average off-peak elasticity is -0.26.
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The intuitive reason for this is that when passengers are fairly insensitive to frequency
and unit size, the value of the loss of consumers' surplus is fairly small compared to the
cost reductions obtained by fewer runs or smaller units.

3. CONCLUSIONS

This paper has analyzed the joint optimization of prices, frequency, vehicle size and
train size, taking into account a variety of passenger groups in the presence of a budget
constraint and a flat fare constraint.

We have seen that the unconstrained optimal prices do not fully cover variable
operator costs, due to a positive external effect, and that coverage is typically less for
peak than off-peak periods. However, some groups may be charged a price over total
average cost and other groups a price below this cost.

It was found that passengers travelling a shorter distance may be charged more than
passengers travelling a longer distance, and that this was so even if the short-distance
passengers' journey constituted a part of the long-distance passengers' journey. The
reason is that only the crowding cost depends on distance travelled.

The dependence of optimal prices on distance varies considerably between modes.
At the one extreme, optimal fares per kilometre for local bus services decrease with
distance travelled, while at the other extreme, optimal prices for non-stop trains, long-
distance buses, boats or flights are directly proportional to distance.

In terms of optimal financial deficit per passenger, it was found that this varies
considerably between situations and modes.The results indicate a deficit of around 30-50
percent for urban bus service, around 15-20 percent for local trains and around 5-10
percent for inter-city trains. Contrasting the results with the policy of the state-owned
Swedish Rail indicates that optimal train length should be greater and optimal frequency
and fares lower than they currently are in inter-city services.

The consideration of a binding budget constraint implies Ramsey-pricing. This also
implies in this context that where frequency elasticity is fairly low compared to price
elasticity, the constraint should be met by reductions in frequency or transport unit size to
a greater extent than by increases in prices. For urban transport a binding budget
constraint when a variable valuation of frequency delay is taken into account implies two
additional arguments are introduced for peak prices to exceed off-peak prices.

To summarize, current policies such that fares are more or less proportional to
distance travelled irrespective of mode are in no context efficient, but are less damaging
for inter-city transport than for urban public transport. The efficient fare structure that
follows from the analysis in this paper seems, however, simple in principle, since the
only thing it requires is the setting of a specific price for each specific Origin-Destination
(O-D) stop pair for each departure on each route. If optimal prices imply a large variation
among O-D pairs and routes, it may be optimal to use a limited number of
differentiations, but still maintain the basic optimal fares structure. For off-peak urban
and regional transport optimal price differences between journeys may be so small that a
flat fare may actually be optimal when the cost of differentiation is taken into account.
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