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INTRODUCTION 

It is necessary to estimate the O-D matrices when a transportation network 
analysis is carried out. The method commonly used to get O-D matrices is the 
traffic survey, i.e., home or roadside interviews. However, conducting a large-scale 
traffic survey is very expensive, time consuming and labor intensive. Moreover, 
sampling errors of survey data also occur. On the other hand, link traffic count data 
is easier to obtain and less expensive. Furthermore, in most cases, it is collected 
regularly for other purposes. That is especially true in developing countries where 
rapid economic growth and frequent land use changes require conducting frequent O-
D matrices estimations. In this case, of course, it is necessary to carry out large scale 
traffic surveys, but it is impossible to do so frequently. This makes the estimation 
of O-D matrices from link traffic counts, as a new method, very attractive. 

For these reasons, much research work has been done and many models have been 
developed. However, further work is required to apply the O-D estimation model to 
practical forecasting and planning. The purpose of this research is to develop a new 
model in which multiple traffic modes and their interaction can be considered, and 
the separate outputs for different traffic modes can be obtained. Moreover, the path 
choice rate, which is the proportion of O-D traffic volume using the given route, can 
be obtained internally. This path choice rate is often required as input by most of 
the existing methods, thus cutting down their practicality and accuracy. 

A brief review of the existing research is presented in Section 1. In Section 
2, a combined distribution, modal split and traffic assignment model in the form 
of an optimization program is proposed. From the Kuhn-Tucker condition of the 
proposed optimization problem, a distribution demand model is derived. Then, the 
uniqueness and the existence of a solution are demonstrated by checking Hessian 
matrices of the objective function and of the constraint conditions with respect to 
the O-D variables. 
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In Section 3, the proposed model is applied to a Nagoya road network as a case 
study. In order to consider the interaction of the traffic modes, a revised version 
of BPR function as a generalized cost function are introduced and sensitivities of 
parameters are also analyzed. The O-D matrices for different modes are estimated 
by iterative calculation of given traffic volume generated in each zone as well as the 
observed link traffic counts. 

A comparison between the observed and the estimated O-D matrices is carried 
out and the accuracy of the estimation is discussed in Section 4. Moreover, in order 
to study the property of the proposed model, a comparison analysis of the estimation 
results obtained by using using the proposed model and the existing methods are 
performed. 

1. REVIEW OF EXISTING RESEARCH WORKS 

It is well known that estimation of O-D matrices from link traffic counts is a 
underdefined problem. We can not estimate the O-D matrices using only link traffic 
counts because information contained in the link traffic counts is insufficient, thus 
some other information or constraints must be added in order to find unique O-D 
matrices. According to the method of adding additional information, the existing 
research can be divided into two main groups. One of them uses prior information 
given about distribution patterns of O-D traffic volume, and an O-D matrix which 
is the nearest one to the given O-D matrix can be found. For example, giving a 
target O-D matrix or expressing the O-D distribution pattern by a gravity model 
belongs to this group. The other group is that in which a distribution pattern is not 
assumed and the O-D matrix is estimated directly based on entropy maximization 
or information minimization principles. 

The representative models can be summarized as follows: first is maximum likeli-
hood model proposed by J. Holm et al.(1976), Henk. J van Zuylen etc(1982), Heinz 
Spiess(1987), and so on. Holm et al. assume that link flows are random and inde-
pendent variables of each other, and they estimate the O-D matrix by maximizing 
the likelihood. 

Second is least square method and regression model proposed by P. Hogberg(1976), 
Sue McNeil and Chris. Hendrickson(1985), Takayama and Iida (1987), M. G. H. Bell 
(1991) and so on. Takayama and Iida take generation traffic volume as a unknown 
variables and find O-D matrix from observed link counts by minimizing the square 
errors between the estimated and observed link flows. 
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Third is the programming method proposed by Malachy Carey et aI.(1981), 
Maud Brenninger-Gothe etc(1989). Malachy Carey et al. formulates a quadratic 
programming method to estimate matrix entry as an equivalent constrained gener-
alized least square estimation problem. 

Fourth is the entropy maximization and information minimization method pro-
posed by Van Zuylen, Henk, J. and Willumsen L. G.(1980) and so on. Hens J. Van 
Zuylen proposed an information minimizing approach. The idea behind the model 
is that since the information available in the link traffic counts is insufficient to 
determine a complete trip matrix, it seems reasonable to choose a trip matrix that 
adds as little information as possible to the knowledge contained in conservation 
condition of links. He defines the information contained in a set of N observations 
using Brillouin's information measure. Using the Lagrangian multiplier method for 
objective function and constraint conditions, a multi-proportional model is finally 
obtained. The O-D matrix can be found by solving this model. 

The last one is the network equilibrium or combined model proposed by S. Erlan-
der etc.(1979), LeBlanc, L. J., Farhangian, K.(1982), Fisk, C.S. Boyce, D.E.(1983), 
Kawakami S., Hirobata Y. and Lu H.(1989) and so on. Nguyen et al. introduced the 
network equilibrium concept to estimate O-D matrices from link traffic counts data 
and proposed an excellent method. He proves that the optimal solution obtained 
by solving the model proposed by him does reproduce observed flows. However, 
since the objective function is not strictly convex with respect to the variables 71) , 

there can be more than one set of optimal trip variables from the model. In order 
to overcome this shortcoming, Gur et al. suggested a method using an externally 
generated trip table, or target trip table, to provide information on the structure of 
the actual (i.e. unknown) trip table. A unique solution can be obtained this way. 
Furthermore, Fisk et al. (1983) proposed a combined distribution and assignment 
model to estimate the O-D matrix from link counts data. These models are superior 
in giving the path choice rate internally. 

2. A COMBINED DISTRIBUTION, MODAL SPLIT AND TRAFFIC 

ASSIGNMENT MODEL 

2.1. Optimization Program 

When the choice behavior of the trip maker is analyzed, Wardrop's principle is 
most commonly used. However, it can not describe all choice behaviors by tray- 
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ellers over the four stages (Boyce et al. 1983). Wardrop's cost minimizing behavior 
would appear to be appropriate to route choice, to a lesser extent to mode choice, 
and hardly at all to destination and location choice. These deviations from cost 
minimizing behavior occurs principally in location and destination choices and to a 
lesser extent in mode and route choices. On the other hand, entropy can be used 
to measure these deviations from Wardrop's cost minimizing principle. Based on 
these analysis, a combined distribution, modal split and traffic assignment model 
in the form of a optimization model is proposed, which extends Fisk's model (Fisk 
et al. 1983)by introducing the entropy constraint with respect to the mode choice 
behavior as follows: 

Max — E 	E Pijmr) ln(E L~ Pijmr) 	 (1) 
i j m r 	rn r 

%Ya 
s.t 	

Jo 	
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where Pijr „r refers to the proportion of the traffic flows traveling from origin i to 
destination j by mode in and route r. Vam is traffic flow on link a by mode m. 
Sara (Vm) is the generalized cost function of mode m on link a at traffic flow Vm. Pi 
is the proportion of the known traffic volume generated from each zone. T is total 
traffic flow of the study region. EM is the given entropy constraint with respect to 
traffic modes. C is a constant which will be calculated from link traffic counts data 
and (57i„„.  is an element of the incidence matrix. 

The objective function of this optimization problem (1) represents the entropy 
for the traffic distribution. Constraint condition (2) specifies an Beckmann type 
user equilibrium. Constraint condition (5) is the entropy constraint with respect to 
traffic modes. 
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This maximization problem can be rewritten into a minimization problem and 
the Lagrange function can be obtained. Finally, from optimal conditions, a distri-
bution model can be obtained as follows: 

E 	P; 
exp[—/3(r1, i)CÔ•] exp[—pCijm]  

E exp[—Q(71,12)61;j] E exp[—PC;jm] 
j 	 m 

where u = n / 7 , /9('7, p) = 	µ In exp{—~cC;jm} 
in 

Parameters 7 and ri are Lagrange multipliers. C;jm is the minimum path cost 
from zone i to zone j by mode m. This equation should be satisfied when the 
optimization program is solved. 

The method of solving this optimization program is as follows: first, the constant 
C is found from traffic link counts data. Then the derived distribution model (equa-
tion(7)) and other optimal conditions are used to find the O-D matrices for different 
traffic modes and parameters q and rj simultaneously by iterative calculation. 

2.2. Existence and Uniqueness of the Solution 

It is well known that if the objective function of a non-linear minimization pro-
gram is a concave function and if all constraint conditions of optimization program 
are also concave functions, then the program is called a concave program and a 
unique solution exists. The condition of being strictly concave for a function is 
equivalant to the Hessian matrix of that function being positive definite. When 
the maximization program is changed into the minimization program, the second-
order derivative of the objective function with respect, to the variable P;jmr , which 
is between zero and 1, is as follows: 

82 	1  
ôP,~mr E E Prjmr 

m r 

where, 'A' represents the equation (1) with opposite sign. The value of the other 
non-diagonal cells of the Hessian matrix are zeros, 02 A/BP;jmr OP;t j'm r = 0, so 
that the Hessian matrix of the objective function is positive definite. Similarly, the 
Hessian matrix of constraint (5) is also positive definite. If we take the second order 
derivative of the constraint condition (2) with respect to P;jmr , we get 

ô2 B _ ôSa (x) 	
(9) ôP,;mr ôP;jmr 

(7)  

> 0 (8)  
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FIGURE 1 . Simplified Nagoya Road Network 

894 

O centroid 

ST10 

where,'B' represents the equation (2). Equation (9) is the first-order derivative of 
generalized cost function with respect to 	All the non-diagonal cells of the 
Hessian matrix become zeros. From equation (9) , it is clear that for the diagonal 
cells 8Sa (x)/ôP;;,,,r , whether or not they are positive depends on the form of the 
generalized cost functions. A suitable form can be taken to make these cells positive 
and a unique solution of the proposed model exists. 

3. APPLICATION TO THE CITY OF NAGOYA, JAPAN 

3.1. Input Data 

In order to study the efficiency and applicability of the proposed model, it is 
applied to a Nagoya road network. Input data used by the proposed model to 
estimate the O-D matrices are link traffic counts data by modes and traffic volume 
generated in each zone. Output data consists of the estimated O-D matrices for 
different traffic modes and parameters of the distribution model. 

The O-D matrices and link traffic counts are obtained from the Japan's O-D 
automobile traffic census carried out in 1985. Traffic volumes are divided into two 
categories. One category contains large-sized trucks and buses, another consists of 
small trucks and cars. For simplicity, the former is called large-sized truck and the 
latter is called cars. Without loss of the generality, large-sized trucks and cars are 
regarded as two different modes and estimation is carried out. 

3.2. Simplified Nagoya road network 

A simplified Nagoya road net-
work is shown in Fig 1. It consists 
of 154 nodes and 240 links. All links 
are two-way and the total link num-
ber is 480. In order to use the sur-
vey data, the study region is divided 
into zones just as did in the survey. 
Nagoya city is divided into 16 zones 
with a centroid in each zone. More-
over, the simplified network consists 
of general national routes and main 
prefectural roads, and some 
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community roads are eliminated. Because the inner-zone traffic volume is ignored 
the variables to be estimated are 2 x n x (n — 1) = 480. 

4.3. Generalized cost function and sensitivity analysis 

In this case study, the traffic modes are taken to be two. namely, large-sized 
trucks and cars. For taking the interaction of modes into account, the generalized 
cost functions for two modes are assumed to have the following form: 

taT =taT[1.0+IXT( xaT+SxaC )ST1 	Va
CaT 	J  

(10) 

J 	t°  [1.0 + ac ( xnCC
ac

xaT  ) pal nC 

	

	 Va 	 (11) = aC 

where equation (10) is the generalized cost function for large-sized trucks, and equa-
tion (11) is for cars. e  and ri  express the effect to the large-sized truck given by the 
cars and the effect to the cars given by the large-sized truck respectively. t aT  and 
tac  represent the link traffic time of the large-sized truck and cars respectively. t°T  
and t°c  represent zero-flow link traffic time of the large-sized trucks and cars respec-
tively. X0T and X ac  are link traffic volumes of the large-sized truck and car, CaT 
and Cac  are the capacities of the link for large-sized trucks and cars respectively. 

aT, NT, ac, )6c, and ri are the parameters. 
In this way, the interaction of the different modes can be considered. The link 

travel time of large-sized trucks is not only affected by large-sized trucks but also 
affected by cars, and vice versa. For the time being, there is not enough the observed 
data to calibrate the parameters of the generalized cost function, thus they have to 
be determined according to the experience. In order to study the effects caused by 
the errors of parameters, a sensitivity analysis is carried out. The changes of the gen-
eralized cost with parameters ac, /3c, e, aT, NT and tl are shown in the Fig. 2,3,4,5,6 
and 7. The horizontal coordinates of these figures are the values of parameters and 
the vertical coordinates are the values of the generalized cost. It can be seen that 
changes with parameters ac,iic, e, and 77  are relatively sensitive but the changes of 
the generalized cost with parameters aT and QT  are not very obvious as shown in 
the figures. In summary, the sensitivity of the generalized cost to parameters are 
not very strong. Therefore, in the case of lacking available data to calibrate the 
parameters, we can determine them by the experience. Referring to the analysis of 
Kawakami et al.(1989), the parameters of the generalized cost functions are given as 
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follows. ac = 0.15, /3c = 4.0 and e =1.5 for cars and aT = 0.06, /3T = 4.0, r7 = 0.45 
for large-sized trucks. 

t 	1 	1 	1 	1  
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FIGURE 2. Change of Generalized Cost FIGURE 3. Change of Generalized Cost 
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FIGURE 6. Change of Generalized Cost FIGURE 7. Change of Generalized Cost 

with Parameter NT 	 with Parameter rj 

4.4. Statistical measures 

The statistical measures, Mean Absolute Error, Root Mean Square Error and 
Percent Root Mean Square Error, have been introduced to facilitate the error anal- 
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ysis and comparison analysis. 

I 	 E E(;; — ti;)a  
MAE% = 	 x 100%, RMSE = ( 	1  E Ei ji  

%RMSE =  RMSE  x 100% 
(E E t4)/Z 

where Z is a number of non-zero cells of the observed O-D matrix. RMSE and 
%RMSE show the 'error dispersion' of the estimated O-D matrices. 

4. ESTIMATED RESULTS AND COMPARISON ANALYSIS 

In this study, the O-D traffic volumes for different traffic modes are estimated 
based on link traffic counts data as well as the traffic volume generated in each 
zone. A comparison between observed O-D matrices and estimated O-D matrices 
are carried out. These results are shown by Fig 8 and Fig 9 respectively. 

g 

g 
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0-0 FLOW OF OBSERVATION ■00' 	 0-0 FLOM OF OBSERVATION •l0' 

	

I CAR 1 	 1 TOTAL 1 

	

FIGURE 8. Comparison of observed 	FIGURE 9. Comparison of observed 
and estimated O-D matrix (car) 	and estimated O-D matrix (Total) 

The horizontal and vertical coordinates of these figures represent the traffic vol-
ume, and the ratios of the estimated and observed traffic volume are represented 
by dots in the figures corresponding to traffic volume. Because the proportion of 
the large-sized trucks in total traffic volumes is very small(only 5 %), for saving 
space, only the figures of cars and total are given here. The correlation coefficients 
of the observed and estimated O-D traffic volume for cars, large-sized trucks and 
total are respectively r = 0.78, 0.59,0.79 showing that a good estimation result has 
been obtained. Furthermore, the parameters of the distribution model which are 

897 



ST10 

calibrated simultaneously are respectively ' = 0.052, ii = 0.158, and EM is given as 
4.845. 

In order to study the property of the estimation model and accuracy of esti-
mation, the estimated results by using the proposed model and other two existing 
models (Maximum likelihood model and least square method) are compared. For 
least square model, it is necessary to give a prior information on O-D matrices when 
estimation is performed. For discussing the effects caused by a prior information 
on O-D matrices, two extreme cases are taken into account in comparison analy-
sis. One case(A) is assumed that planner knows prior information on O-D matrices 
completely and anothor case(B) is that prior information is really poor, thus we can 
think prior O-D information is almost nothing. 

The statistical measures, correlation coefficents, average absolute error, % RMSE 
and RMSE of the estimated values and observed ones for cars, large-sized trucks and 
total are . shown in table 2 and 3. 

Table 2. Correlation Coefficients of the estimated valus and observed ones 
Model 

Corelation coe' cients 
Proposed 

Model 
Likelihood 

Model 
Least square 
Model (A) 

Least square 
Model (B) 

Cars 0.79 0.73 0.82 0.66 
Large-sized truck 0.59 0.47 0.79 0.56 
Total 0.79 0.75 0.83 0.68 

From the correlation coefficients and other statistical measures, except least square 
method case A, the results estimated by proposed model are the most satisfactory. 
For the least square model, it is very clear that the estimation accuracy is different 
corresponding to different prior O-D information. The difference is caused by the 
property of the least square model. The estimation accuracy is affected by prior 
information very strongly. In our calculation, destination choice rate is calculated 
by using the observed O-D matrices for case A and are calculated by multiplying 
the random coefficient to the observed O-D traffic volumes for case B. So that the 
estimation accuracy is rather different between these two cases. It is very difficult 
to know precise prior information on the O-D matrices, so that case A is only an 
ideal case. 

The proposed model takes the interaction of traffic modes into accounts, there-
fore, a good estimation results are obtained. These results show that the interaction 
among the traffic modes exists and if we consider this in modelling, then estimation 
results can be improved. 
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Table 3. Comparison of Estimation Accuracy 
Statistical measures MAE% %RMSE RMSE 

Model 
45 66 6094 

The Proposed Model 65 95 522 
43 64 6226 
76 180 7367 

Maximum Likelihood Model 116 80 987 
70 76 7391 
52 57 5325 

Least Square Model 83 205 1127 
49 58 5687 

6. SUMMARY 

A new traffic demand estimation model, a combined distribution, modal split and 
traffic assignment model in the form of optimization program, is proposed based on 
existing research works. From this optimization program, a traffic distribution de-
mand model is derived and the existence and uniqueness of solution is also discussed. 
Additionally,the interaction of traffic modes are considered by introduing the revised 
BPR performance function. A sensitivity analysis for parameters of the generalized 
cost function is carried and results shows that the estimation accuracy is affected by 
parameters. However, the effects are not very significant if the value of parameters 
veries within certain range. Furthurmore, the proposed model is applied to a Nagoya 
road network to estimate the O-D matrices for different traffic modes and compari-
son of estimation accuracy among the proposed modeel and other existing model is 
carried out. The results of comparison show that the proposed model is superior to 
the existing models in terms of estimation accuracy, conviendence and applicability. 
The proposed model can be used to metropolitan without difficulty because route 
choice rate is internalized and traffic modes have been taken into account. 
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