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INTRODUCTION

To select the basic units for. Mass Rapid Transit (MRT)
systems is an important process in planning rolling-stock, since
it deeply affects system performance and operational eff1c1ency.
The basic units of rapid transit are called "operating units" and
generally classified into Single-Unit(SU), Married-Pair(MP),
Three-Car Unit(3C), Articulated Unit(AU), ete. For efficient
operation, choosing the optimal vehicle- type can reduce the
operating cost, provide for sufficient capacity, increase the
demand and comfort of passengers, and it can even derive the
whole optimal operation plans in rapid transit lines. Therefore,
how to accurately evaluate and choose the optimal vehxcle type is
an urgent study when building a MRT systenm.

There are few reports focusing on choosing the optimal
vehicle-type for MRT systems. In 1988, Klein, J. employed a
discounted cash flow on analyzing a model to compare the costs
between single and married-pair transit cars. He used a simple
arithmetic equation to generate the net present value (NPV)
between single and married-pair vehicals. As a result, for small
scheduled configuration of a transit line, the costs of a single
car are less than those of married-pair. VWhereas, costs are
obviously lower for a married-pair in a large scheduled
configuration of transit line. .

Secondly, Bugarcic,H. and Chin, Ch'eng-K'ai (1989) used an
absolute value in comparison with vehicle depreciation cost,
maintenance and repair cost of operating vehicles, and energy
cost. They found that the three-car unit had the lowest average
expenditure. This paper tries to develop a mathematical linear
programming model to select the optimal MRT vehicle-type. And
it practically studies the applied possibility, the economic
analysis of the model.

1.MODEL FORMULATION

1.1.The objective function of this model
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1.Total ownership costs of units per day (TCo) ($/day)
In accordance with the difference of vehicle-type, unit size,
number of driver control sets per units. The total ownership
costs of units are:

TCo = Cnt. x mi L Bl (1)
Cni ¢ purchasing cost per units of vehicle-type 1 per day
($/units~day) .
n: ¢ total number of units of vehicle-type i (units)

2.Total costs of storage facility per day (TCs) ($/day)

For efficient management and operation, when the system
closes every day, all ownership units have to be located in the
storage spaces. Thus, the formula is:

I ' .
TCs = Zi Esi x esi ¥ 8§ —-mmmmmommmmmome e (2)
1—
Esitper storage spaces cost of vehxcle -type i at terminal s
per day ($/spaces-day)
est ‘number of storage spaces per vehicle-type 1 at terminal
s (spaces) ,

3.Total operating costs of units per day (IC») ($/day)

Operating cost(not including labor costs) is mainly related
to the energy consumption cost, units joined or disjoined cost,
the variable cost of material and accessory (such as electrlc
component), etc.

T R I
TCe =X %2 Pt xLe x (£ Cot X ctr1) =-—---—-- (3)
t=1 r=1 i=
:duration of time period t (hour)
Lr :length of route r (kilometer)
Cuvi :operating cost per units-kilometer of vehicle-type i
per day ($/units-kn/day)
ctr1‘flow rate of units on route r during time period t
for vehicle-type i (units/hour)

4.Total operating costs of a train per day (TC:) ($/day)

The difference between the operating cost of a train and the
units relies on that the former is increased along with the in-
creased number of units per train, whereas the latter is related
- to the frequency. Different frequency or units type on different
route during different time period affects the difficulty and
easiness of train management and operation.

T R I
TC: = 2 2 Tr x (E Cht x Otrl) """"" (4)
t=1 r=1 i=1
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T~ :one-way running time on route r (hour)

Cnt :operating cost per units-hour of vehicle-type i
($/units- hr/dayg

otri‘number of units per train of vehicle-type i on route
r during time period t (units/train)

T  :number of time period in operating day

R :number of route

5.Total administration costs of units per day (TCu)
Without relation to running kilometers of fleets, the
adninistration costs are only concerned with the quantity and
size of units.

S
TCn = §:1Cal X vest ¥ i, ti:last time period --- (5)
S:
Ca: :administration cost per units of vehicle-type i per
day ($/units-day) .
vesi ‘number of operating units stopped in terminal (or sta-
tion) s at the ending of last time period t (units)

6.Total maintenance and repair costs of units per day
(TCr) ($/daY)

Different vehicle-type needs different maintenance and
repair equipment, and it also affects the malntenance and repair
expenditure of units.

TCe = Camt X rs: ¥l e (6)
Cm: ‘maintenance and repair cost per units of vehicle-type i
per day ($/units/day)
rs: ‘number of units of vehicle-type i to be remained in
repair shop (or storage) s for repairing or clearing

1.2.The constraints of this model

1.Vehicle conservation of flow constraint

The conservation of flow means that the number of operating
units into terminal(or station) during a time period plus the
number of units staying in terminal at the beginning of that time
period should be equal to the number of units staying in terminal
at the ending of that time period plus the number of units out of
the terminal. Thus, the conservation of flow equation would be :

us
> X1 x Pus X Curt * V'ust — Vust =0 ¥ u,s,1 -—- (7)

réeRez
)(“Sr +]: vehlcle type 1 during time period u 1nto terminal s

i L -1:vehicle-type i during time period u out of termlnal

(or station) s .
Pus :duration of time period u at terminal (or station) s

(hours)
Curt number of units of vehicle- type 1 at time period u
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on route r into(or out of) terminal (or station) s per
hour (units/hr)
v'us: ‘number of units of vehicle-type i staying in terminal
(or station)s at the beginning of time period u(units)
vus: ‘number of units of vehicle-type i staying in terminal
(or station) s at the ending of time period u (units)

2.Number of units for preparation,maintenance constraint
In order to maintain normal operation and emergent aid for
systems, we must appropriate few units of each vehicle-type in
storage for preparation and maintenance. Assuming that there is «
to o' percent number of units stayed in the storage, For the
rapid transit systems, « and «' are general about 5~10%.

exn <= X rsit <7« Xni I ®)
s=1 '

3.Storage spaces constraint

During operating period every day , we must provide
sufficient storage spaces (essi) for units stopping at each
terminal.

vust <= esi ¥u s, I --- -—- -—

On the other hand, cars have to be in storage(n:i) at the end
of the operating time every day. So, we must build adequate
storage spaces.Therefore,

ni <= Elesx L Bttt (10)
S—

4,Demand of passenger volume constraint

Prov1d1ng suff1C1ent capacity of units to satlsfy the
passenger's demand is an important premise, especially in Maximum
Load Section (MLS). Assume that Dtz is the passenger volume
through MLS between zone pair z during time period, then the
tr3831t capacity [(1+k)sixctri] should be greater than or equal
to Dtz

1
% 2 (1+K)Si x ctr1 >= Dz ¥vt, z - (A1)
réRiz i=1
where,
:proportion of standing to seating
(0.5~1.0 times in off-peak and 1.0~2.0 times in peak)
Si  :number of seat per units of vehicle-type. i(seat/units)
Ciri:flow rate of operating car units(units/hr)
Dtz ‘passenger volume passing through zone pair z during
time period t(person/hr)
Rtz :set of routes through zone pair z during time period t-
5.Scheduled line capacity. constraint
For transfering the maximum number of passengers under the
lowest threshold of safety, we must design the maximum offered
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line capacity (Cmax,person/hr).

z z (1+k)Sl X Ctri <= Cmax vt, z -——- (12)
reRiz i=1

8.Train length constraint
The train length is limited the platform length.Theorically,

train length is shorter than the minimum platform length (L-),
and the platform length should fit the maximum length of

units (Led). .
Let <= Z; Li x otr1 <= Lr vt, r -ommmeme—— (13)

l—
Lri‘maximum length of units in all vehicle-type i (meter)
Li :length of units per vehicle~type i (meter/units)
L~ :nminimum platform length in all platforms on route r(m)

7.Level of service constraint
Level of service constraint means that we must offer

ninimum policy fEequency

2 2 Ctri

réRsz i?l >= Fiz v t,z -——m—- (14)
p) 2 Otri
réRez  i=1

8.Station capacity coﬁstr@iqt
Due to the differente driving control ways (such as ATO,ATP,

ATS,etc.), the station capacity is different, and it even affects
the headway. So, we must limit _the frequency (Ftz) to avoid
accidents and ensure service reliability.

1
Z 2 Ctrt
réRsz i=% <= Ftz v t, z --—--- (15)
E E Otri
réRez  i=1

9.The number of units of each vehicle-type constraint
The required number of cars of vehicle-type 1 stored in

storage at the ending of the operating time is equal to the
amount of cars that the system owns. :

S
El\ltsl=m ¥i, e (16)
S:
t:the ending of last time period

10.Equivalency of passenger volume constraint
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The passenger volume carried by the system must be
equivalently same for each different vehicle-type. So, we can
compare with the number of supplied seats among different

vehicle-type.
'(1+k)SlXCtrl = (1+k)SJXCtrJ R t,r‘,i,.i.i;-‘j - (17)

11.Equivalency of train length constraint

The constraint is based on providing the same capacity for
various vehicle-types. It means the train length nust be
equivalent among each vehicle-type. .

Ll X Otrt = LJ X Otry V t9r9i1j1i¢j ________ (18)
where,

Lt : Length of units per vehicle-type i

Otr:: number of car units pen train

2.MODEL APPLICATION

To interpret the applications of this model, we collect some
data from Taipei Department of Rapid Transit Systems (DORTS),
Taiwan, R.0.C..Including passenger volume and four vehicle-types.
Then we establish the model step by step and use the linear
PrYgrgmming package ( LINDO package ) to solve the optimal
solution.

2.1 Data for operating network

According to Taipei DORTS' report, the total line length of
Taipei-Tamshui rapid transit line is 22.8km.  And there are 21
stations (including 2 terminals). It takes 15 seconds for a train
to stop at every station. One-way travel time between Taipei and
Tamshui is approximately take 0.58hr. In accordance with an
operating forecast in 2001, the operating time will be about 19
hr per day. It is separated by 5 time periods as shown in Tab. 1.

Table 1. Operating time period.

Deak off —penk Time _g.e[:l od (FPtJ
Rexi__.\ E 58 ? 8?5 —peEk 1. hr
2 7:00 9:00 ak 2.0 hr
3 9:00 —~— 18: 08 off—peak 7.0 hr
4 16:00 ~— 18:3 ea 2.5 hr
51 18:30 ~— 0:30 off—peak 8.Q r

The maximum passenger volume (D:z) through Max1mum Load
Section (MLS) during this time period is shown in Table

Table 2 Maximum passenger volume through MLS

time period —route A N routea B
1 41
2 8503 18412
3 3419 4269
4 14733 8802
5 27 21
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2.2.Data of costs for each vehicle unit-type
The capital cost and operating cost for each type of vehicle are

shown Table 3.
Table 3. capital cost and operating cost for each vehicle unit-type

relative cost iten  type I type 2 type 3 tye I wit
{11s) Sl Py (3¢ {Al)

tehicle ecost Car 190372 20155.1 40530.8 35226.3 $/units
storage facility cost  Eor 4149  850.3  2000.1 1240.1 ¢/space
rehicle aperatiog cost Cor 1504 24,83 43,23 30.96 $/units-ka
train operating cost  Cni 1.3 1611 1811 16.81 $/wits-hr
rehicle adainistration

cost {ai 90,3 1945 W93 8 $mits

rehicle naintenance

soureet (1]

There are 15 combinations or modes among the four vehicle-
types of this paper, as follows‘

Exa?elg I ExamT] %I E m le Example IV
mode sole modea t;w n O a node our
IS « | « J. -no.
g-— T¥R=  —jo- 1% st B s tScau
2 MP <3 su.3c 12 SU.MP.AU
3 3C 7 Syu. Al 13 SuU.3C.aD
—4 Al 8 MP. 3C 14 MNP 3CIal
2 MP . AU

3.RESULTS AND ANALISIS

From Table 4, model 3 has the nminimum total costs. It's
lower than any other models. In Example I, model 3 saves NT$
956 358 more in one day than model 1, and saves NT$ 301,509 more
in one day than model 2, and saves NT$ 89, 302 more in one day
than model 4. Totally, NT$ 32~349 mllllon is saved in one year.
(Note that 1 US$ = 25 NT$) From Table 4, we can also obtain the
number of cars needed either in operation or in storage or repair
and the optimal vehicle types.

In Table 5, we know the ratio of maintenace and repair units
to operating units. The ratio of model 1 is the lowest. It means
Bhag mod§l41 has the highest vehicle usage ratio of then models

, 3, and 4.

The value of & refers to the proportion of factual loading
passenger-km to supplied seat-km, as Table 6. Model 1 has the
highest ratio no matter if the route is A or B. But model 3 has
the lowest. It means 3-car unit has more capacity to satisfy the
demand under the volume Jjust now.
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Table 4 Results of fifteen models

auber  nuber of nuther of  nusber of

exan, nodel E;ge_ totgl of  storage spaces maint. and cars in

10, posts  _ears tern, |

1 S0 3,030,364 137 26 2 1 130

2580515 10 13 | { §6
P33 2,283,006 3% ] " l W

TRl 8 13 56 { [

o oo 5 1 n 4 1

b [ i 8 13 56 { §5

I 2,762,208 4 15 ] 11

1 [ NI 8 13 5% | 5

A 2,805,880 27 5 2 2 A

o4 [ i B 1 % /) 33

I 2,4%,30 18 4 15 | 17

9 [ i 35 1 2 0 3

il 24420 U 5 1} { 2

10 [ ki 18 | 15 ] 11

S Nu90%0 3 b 2 2 IH

-~ St [T b1 { 60

1| K 3,653,188 R 9 k| . i

- 3 17 5 16 ] 16

- 3l TS i { 80

120 M 3,762,385 3B U kA 2 b}

- i B 10 U /) 23

[ SN | g 30 §3 4 b1

131 3 5,M1,08 1T § 17 1 16

- Al n 12 AU 2 2

- kP 3 d 3 2 3

Wl 3¢ 3,259 11 5 18 ] 1§
- 5 1 1} ! 2

r 3 . U 4 3 49

151 AP A 1 1 /) 2

Iy 3,542,005 13 4 12 | 12

RETE T T T T

Exazple It sole type sarple L1, 111 and IV: nized type

Table 7 lists the number of operating units for model 1~4
at each time period. In model 3, it only needs two basic
operating units during the period to satisfy the passenger
volume. As to the other peak period, just need one units. So,
3-car unit has the highest units shifting movability.

In Table 8, the higher frequency of these four models is
approximate in- peak. Whereas, model 3 needs only 4 trains/hr to
satisfy the passenger volume in off-peak. Hence, model 3 has
fewer empty car than any other model. It will decrease energy
consumption and operating cost. For results of above, model 3
(3C type) is the most economic vehicle-type.
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Table 5 Ratio of maintenance and repair
units to operating units

m'odeg 0. p_ax:ceg_tg.ga._kﬁ_)_
3.

Maximum supplied usage ratio (&)
(I) routeA (Taipei < Tanshui) ) route b (Tanshui - Taipei)
p0del supplied factual loading 100l supplied factual loadin
1. seat- kl(l) passenger- k(D) 8=2)/(1) no. seat-ka(}) passenger-kl(Zf 8=Q)/(1)
—{space-Jn) lpassenger-ha) _

T 2.800.980 1.385,772.6 COAMT L D805 LETL4.6 050
2 8531 LaLT2E 046 2 2,800 1510,800.6  0.953%

OODO)

*STeSUASUAST (ulti-t
"*KPHPKP (multi-type

4. SENSITIVITY ANALYSIS OF THE MODEL
4.1fEffects of units purchasing cost

In Graph 1, the effects of total costs jn model 1 is the
highest, then model 2, 4, and 3. It means that the sensitivity is
lowest for large units when the units ownership cost was varied.

4.2 Effects of the number of vehicle units

pe

32,048,040 1,385,726 04100 3 3,000,600 1,577,805.6 0.52?3
42807607 13867028 0418 4 2911651 1.570.805.6 0.5
Table 7 Number of operating Table 8 Frequency
units
__mh:;uf_unm_ {requency
_mm_ﬂ_ IZIIBIﬁ _roite 4+ 3 1L B3 L%
11110 1111 I 2 VR I R R B L I
tie 244332121012 tiee 230 33 21 21 16 1§ 23 23
period 3111 11111 periodd 24 28 13 M 7 § 10Ul
{432 20120 T I I LY A I T LI
S L1 1 } 1 1 5 18 22 10 12 6 6 7 9

" In Graph 2, model 3 it has the highest sensitivity against
any other models. Because it contains three cars per unit
and has a higher unit operating cost, train operating cost,
and units storage spaces cost, etc. So, we must consider the
effects of the number of vehicle units are varied when the system
was extended among the four types.

4.3.The influence of the number of storage spaces.

" In Graph 3, model 3 has the highest slope to the right when
the number of storage spaces were increased, but has the lowest
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Graph 2 Effects of total costs
by increasing the number of units
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slope to the left, So, we can decrease the number of storage
spaces in model 3, so as to decrease the total costs.

4.4. The influence of the level of service.

As the policy freaquency was varied, the total costs and
total desired number of units will simultaneocusly be varied. In
Table 9 and Graph 4, the frequency increases from 2 to 7
trains/hr, The total costs were varied among the four models (
although the desired number of units were not varied). So, we can
adjust the policy frequency to satisfy the passenger demand
but we can't increase the desired number of units. In Graph 4
(see model 3), when the frequency increases to 6 trains/hr (4 is
initial), the total costs speedly increases. The reason is that
model 3 has a larger capacity, and higher vehicle. cost. So, we
know that large operating  units are the most suitable
vehicle-type for a heavy passenger transit line where the policy
frequency is not so important.

Table 9 Effects of policy frequency

mode L Pol1GY number €oEAT
o it= cost

1

4

AL L0 ERINN N B30 (L LD
fataiatuts
NN AAT o) SENeld, T 658 14106 SRR
RUAR QOO OO LI AR ARG
LR O O 0HA DUORINNNOUNUTA S AO

A LILILILI
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PR Y X
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4.5. The influence of vehicle capacity

Graph 5 shows the economic effectiveness between capacitg of
units and desired number of wunits. Model 1 has the highest
sensitivity, whereas model 3 has the lowest sensitivity. However,
we know that to increase the capacity of small vehicle-types is
more difficult than larger ones. S0, we only need to increase
the number of small vehicle units to satisfy the increased
passenger volume. But in larger ones this may.not be needed.

5.CONCLUSIONS AND SUGGESTIONS

1.The traditional selection methods of the best vehicle-type
use the heuristic method. People cannot obtain a truely. optimal
vehicle-type using this way. This paper develops a mathematical
linear programming model to choose the best vehicle-type.
Moreover, this model is based on a linear function and it
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processes a series of analysis about economic effectiveness,
sensitivity, etc. Also, this model can simultaneously change
frequency and train length for satisfying the different passenger
volume. The tranditional model cannot do this.

2. There are Tifteen combinations in our examples. Among then,
model 3 is the most economic ones. In comparison with the model
13, it can save NT$ 1,664,029 in one day. Totally, it can save
about NT$ 600,000,000 in one year.

3.If we adopt two or more vehicle types in these systems, the
larger vehicles will have lesser operating and maintenance costs
in the off-peak hours than the small vehicles do in the peak
hours. The reason is that if we adopt small vehicle during the
peak hours, they will be used more often and that will cause
the operating and maintenance costs to rise. Also , assembling a
train with one vehicle-type 1is more economical than nixing
vehicle types together.The main reason is that mixed vehicle-type
will raise the administration cost and increase the difficulty of
management, maintenance and repairing.

.The data of labor costs is difficult to collect. This factor
would deeply affect the calculation of total costs. Thus, we
suggest that labor costs should be put into this model, so as to
obtain a more complete and accurate solution. On the other hand,
only the 1items of aquantifiable costs were considered in this
model, it suggests to make a whole consideration including
the unquantifiable factors to match the real world.

5.This model is a linear function, and the solving process is a
LP problem. It has some differences with a practical situation.
Therefore, we suggest to modify this model into a nonlinear form.

BIBLIOGRAPHY
Bugarcic,H. and Chin Ch'éng-K’'ai,

, An_Calculational] Algorithm for
SeleQLing_!ehiQle:ﬁx9e_Qf;Mags_Ranid_ItgnsiL~sttem, Transporta-
tion, No.4, published by Chinese Institute of Transportation,

1989, June.

Chang, Yu-Hern, _SimulLaneQus_Q9IimizaLiQn.QfFLhe_Design_and_QQe:
rations Plan of Scheduled Mass Transit Lines,Ph. D. Dissertation,

Department of Cibil Engineering, University of Pennsylvania,1984.

Gray, G. E., Hoel, L. A., EuhlLQ_Inans2QnLaﬁlgn__E}annin&;_Qgena:
tions. and Management, Public by Pretice-Hall ne., Englewood

Cliffs, New Jersey 07632 1979.

Klein, J., Economics of Single vs. Married Pair Transit Cars,
Journal of Transportation Research Forum, vol. 29, No.1, 1988.

Paul, D. K., On the Marginal Capital Costs of Peak and Off-peak
Transit Services, Journal of the Transportation Research Forum,
Vol.29, No.2, pp.349~355, 1989.

474



