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Abstract

In the context of the SustainCity project (www.sustaincity.org), we apply regime switching mod-
els on the real estate market. This study uses transactions recorded in lle-de-France. The ob-
jective is to determine the different regimes characterizing the behavior of the real estate mar-
ket.

We use regime switching models along with hedonic models, at the county level. Different
specifications are tested, where the regime is exogenous or endogenous, and compared. Out-
of-sample performances are calculated, and predictions are made. The hedonic approach al-
lows predicting prices for different types of dwellings.

Real estate markets exhibit regime switching, when they are associated with hedonic regres-
sions. Moreover, they allow for better prediction in future prices.

Two different regimes are found, for periods of expansion or recession, coming from shift in
the trend parameter.
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Executive Summary

In the context of SustainCity project, we apply regime switching models on the real estate market. In
this study, we use transactions which occurred in lle-de-France, the Greater Paris region, between
1991 and 2006. The objective is to estimate and predict the distribution of prices.

We use regime switching models and find that they fit the data better than usual auto-regressive he-
donic regression models. We identify two regimes in the estimation period. We focus on the temporal
dimension of real market prices in this region.

Data

The data comprise several hundreds of thousands of transactions, and come from the Notaires data-
base. The notaries of the region are encouraged to report transactions in this centralized database.
They include a variety of variables, which can be used in hedonic regressions. In particular, the num-
ber of rooms, the number of bathrooms, the floor level, the floor area, or the presence of a garden, a
balcony, a swimming pool or of a garage is often reported in the database.

Hedonic Regressions

Hedonic regressions models consist in evaluating the value of a good from its components. In the spe-
cial case of real estate market, one can measure how the price of dwellings varies when characteristics
change. This consists in a simple linear regression of the price (usually expressed in logarithm) on a
series of dwelling and/or environment characteristics.

INSEE Indices

INSEE, the French institute of statistics, developed a hedonic regression model using the Notaries da-
tabase. The objective is to provide a quarterly real estate index for the region, and different indices for
the different départements, or districts of the region. They model the logarithm of the price per square
meter, and use various dwelling characteristics, but no environmental characteristics.

Their model can be decomposed in a few steps. First they identify sub-regions, which consist in areas
with similar real estate dynamics. Then, they choose a “reference bundle” and an “estimation bundle”
of dwellings. The reference bundle consists in the dwellings for which we want a price index. The “es-
timation bundle” consists in the transactions used, at the different periods, to estimate the coefficients
of the hedonic regressions. This allows to evaluate the “reference bundle” at different periods, and to
measure the evolution of the real estate market. An aggregation is then made across départements or
the whole region to compute the price indices.

We use these indices to fit regime switching models. In this type of models, we suppose that there ex-
ists different states of the world, called regimes, and that the data have a different behavior in each of
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them. Parameters specific to these unobservable regimes characterize the behavior of the time series.
Here, we are particularly interested in the evolution of the price indices. We can expect to see a re-
gime characterizing upward trends, and another one characterizing periods of crisis.

Regime switching models

Regime switching models, and more particularly the methods of estimations, are presented in the
study. The Baum-Welch estimation procedure, a special case of the expectation-maximization algo-
rithm, is described, and different caveats that occur are discussed. In particular, we discuss how to
deal with local maxima, and how to choose the optimal number of states.

Application of regime switching models to INSEE Index

This type of models is tested in a first approach with the INSEE indices. These indices are computed
since 1980 for Paris, and since 1991 for most of the other départements. The data used end at the third
quarter of 2010. The data comprise, for most of the départements, two periods of decline in real estate
prices, in the early 1990s, and in the late 2000s. The estimation of a Hidden Markov Model, where
each regime is characterized by a Gaussian distribution, finds two different states. In a first state, the
mean is positive, and the transition to the other state is quite low. The other state, on the contrary, has
a negative mean, and is less persistent. In both states, the variances have similar orders of magnitude.
These two different states fit the data well, and detect rapidly the change in trend of the real estate
market. Out of sample estimations also show that the new state is detected rapidly, when the real es-
tate market starts declining.

These estimations allow making predictions of the real estate market, based on the inference of the

market’s state at the last period.

Another model is estimated, where borrowing rate is added. It is found that a one period lagged bor-
rowing rate has the higher correlation with real estate indices, and is therefore used in the estimation.
The states inferred have the same signification and we obtain a negative correlation between the prices
of dwellings, and the interest rate, which is consistent with expectations.

Application of regime switching model to a hedonic regression model

We develop a new model, where we first estimate a hedonic model on the transactions of the database,
focusing on apartments, and estimate a regime switching model on the time dummies intercept of the-
se regressions. These models are estimated for each départements with dummy variables for the dif-
ferent communes. This allows, in practice, to make forecasts of prices in each city, for each type of
apartments. We suppose in this approach that the coefficients of the dwelling characteristics do not
evolve with time. We model the logarithm of the price per square meter of the dwellings, and we use a
number of explanatory variables: the number of rooms, floor level, presence of a garage, a terrace, and
of a swimming pool.
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As expected, the presence of a swimming pool or of a garage has a positive effect on the price of the
dwelling. The effects of the number of rooms vary across départements. In particular, in Paris, the
higher the number of rooms for a given floor area, the higher the price of the dwelling. The reverse
holds for départements further away from the capital.

The regime switching model on the different time dummy variables give similar results to those found
with the INSEE indices. In particular, we most often find a regime with a positive mean, and another
one with a negative mean, the former one corresponding to period of expansion, the latter one to the
burst of a real estate bubble.

One important caveat occurs with these estimations. For some départements, data are only available
between 1996 and 2006. During this time interval, no substantive shift in the real estate market oc-
curred. That is why, for those time series, the two states are much less different, in particular, we do
not find a state with a negative mean but only a state with a zero mean. This outlines the learning as-
pect of regime switching models. If data after 2006 were used, comprising the subprime crisis which
did have a small impact on the real estate market in the region, then it is highly plausible that this “bad
state” would have been estimated with a negative mean.

Conclusion

The models developed focused on the temporal dimension of real estate market, and the spatial corre-
lation could be taken into account in a more specified way. Nevertheless, regime switching models
manage to fit the data correctly, identifying periods of expansion and recession. In particular, these es-
timations can be used to forecast prices in different départements or cities, using the information at the
last period and the inferred state of the market.
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1 Introduction

The Real Estate Market is characterized by a strong heterogeneity in the goods exchanged. This makes
it more difficult to estimate directly econometric models, as it is usually done for other financial as-
sets. Nevertheless, several tools can be used to model the Real Estate Market.

The first category of models consists of hedonic regression models. The Hedonic approach is used to
evaluate the economic value of local amenities, such as water, noise or air pollution. The assumption
is that the price of a good depends on the price of its different attributes. For Real Estate goods, the at-
tributes include the number of rooms, the number of bathrooms, the location and the proximity to an
urban center, or the presence of transportation nearby. In the hedonic approach, we evaluate the im-
plicit prices of these different characteristics, from the observed market price of the whole good. Other
variables, which are exogenous to the building, can also explain part of the price, in particular the bor-
rowing rate.

As time elapses, the implicit price (that we will simply call the price) of the different characteristics
can vary. The price of an additional bedroom in the city of Paris may vary more than the price of new
transportation.

The second approach is the Real Estate Indices. Different indices have been developed. In the Greater
Paris, the INSEE has developed an Index, the indice des Notaires-INSEE, which is based on hedonic
regressions, and evaluates the price evolution of the Real Estate Market in the Paris region. The index
is based on a bundle of buildings, with specific characteristics, in order to account for the possible
quality heterogeneity in the dwellings sold at different periods. We will present this index, and test
econometric model to fit these data.

Another type of index consists of repeated sales transactions. It assumes that the different coefficients
of the hedonic model do not vary over time. The main advantage is that it almost automatically takes
into account the quality effect, as we work on the price evolution of the same buildings. They may be
modified over time though, with extension for old buildings for example, or their quality may improve
(or deteriorate). This is why, when sufficient data are available, it is preferable to use hedonic models.

The price indices give us the trend of the Real Estate markets. Nevertheless, contrary to stock indices,
it is rather unusual in the literature to fit these indices with a dynamic model. We develop a regime
switching model based on these indices, which takes into account exogenous macro-economic varia-
bles, such as the borrowing rate, to determine the different states of the Real Estate market. The dif-
ferent regimes are characterized by the trend and the volatility of the price indices. They allow us to
determine the periods of crisis and bubbles in this market, and to calculate out-of-sample forecasts.
The main objective is to detect the switch from the “good” regime to the “bad” regime.

In this paper, we use the Base des Notaires, a database of several hundreds of thousands transactions
in the Paris area. Approximately 70% of all the transactions occurring in the region are reported in this
database. We work on hedonic models to investigate the construction of a price index, we present the
Notaire-INSEE index, and then we build a model on the indices to determine the different states of the
market. We finally compare these results with an application of regime switching models to a dummy
time variable in hedonic regressions.
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2 Hedonic Regression Models

2.1 Overview

Hedonic comes from the Greek “hedone”, which means enjoyment. The objective of the Hedonic ap-
proach is to evaluate the economic value of a good from its components. Some attributes do not have
an individual price, because they cannot be sold separately. In the case of Real Estate for example, it
is not possible to purchase separately one room or a preferred location. The Hedonic approach allows
assessing the implicit prices of the different characteristics of a good based on its observed market
value.

For example, the price of a dwelling will depend on its location (quality of neighborhood, proximity to
the city center, or accessibility by public transportation) and its proper characteristics (floor area,
number of bedrooms and bathrooms, presence of a garden, a garage, or a swimming pool).

The hedonic regression assumes a functional form between the whole price and the prices of the dif-
ferent characteristics. Different specifications are usually used, the level regression, where the coeffi-
cients of the regression are interpreted as the price of an additional unit of the good, and the log ap-
proach, where the coefficients are interpreted in terms of elasticity. This last approach is usually pre-
ferred, as it usually reduces heteroscedasticity (Malpezzi, 2003).

We present in the next section the model developed by INSEE, which uses a log specification, where
all the discrete explanatory variables are transformed into dummy variables. All the explanatory vari-
ables are discrete; the dependent variable is the log of the price on the floor space. This type of model
can be written as:

K
log(P™") = Z BiXki+ €, Vi, (1)
k=1
where Pl.surf is the price per square meter of dwelling, X, ; are the different characteristics, g, the sen-

sibilities to the different characteristics, and €; a white noise.

2.2 Base des Notaires

The Base des Notaires — BIEN — contains more than 70% of the transactions in the Paris region. The
notaries of lle-de-France voluntary report new transactions in the database. In 2009, 82% of the trans-
actions were reported in the BIEN database. It appears that there is no selection bias between transac-
tions reported in the database and those which are not. The French Institute of Statistics (INSEE) has
constructed an Index from this database, called the Notaire-INSEE Index, which will be detailed in the
next section.
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The database contains more than 3 million transactions since 1990. The Paris City and the Petite-
Couronne, which consists of the adjacent départements — Paris, Hauts-de-Seine, Seine-Saint-Denis
and Val-de-Marne — have been reported in the database since 1991. The Grande-Couronne, which
consists of the most remote départements of the Paris region — Yvelines, Essone, Val d’Oise and
Seine-et-Marne — have been reported since 1996.

The database contains many variables. Some variables relate to the characteristic of the buildings, for
example the floor area, the number of rooms and of bathrooms, the presence of a swimming pool, a
garden, a lift or of a garage, the floor if it is a flat, the period of construction. The base also contains
the location of the buildings, in terms of coordinates, and of address.

Other variables concern the previous owner. Most notably, the database contains his socioprofessional
category, his gender, and his age. The time of the previous transaction for the building is provided,
which makes it possible to measure how long the last owner stayed.

The database contains the same variables for the new owner.

Finally, the price of the transaction, and the amount of tax paid is almost always reported correctly in
the database.

Unfortunately, there are a lot of missing values for some variables, which will require making a trade-
off between the variables chosen in the different regressions, and the number of observations availa-
ble. More specifically, almost 50% of the transactions did not report the floor surface of the dwellings,
51% did not report the date of construction, but less than 1% did not report the number of rooms.

Some variables have not been coded correctly, making it impossible to make the difference between
non-answer and 0 answer for example. This is the case for the number of garages, the number of bath-
rooms, or again the floor level.

Some assumptions can be made, for example a non-answer for the number of bathrooms could mean
that there is actually no bathroom, but this is a hypothesis hard to test. We present below the method-
ology developed by INSEE to build indices of the real estate market in lle de France.

2.3 Notaires-INSEE indices

2.3.1 Approach

The Notaires-INSEE Index is constructed from this database. It is based on hedonic regression tech-
niques. The index aims to eliminate the quality effect and the non-representativeness of transactions,
in order to catch the evolution of the market.

The objective has been to build indices that catch the trend of the real estate market in the different
départements of the Paris region. The main index concerns apartments, more specifically anciens ap-
partements, which means that new constructions are eliminated of the analysis. In the Paris region,
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“old apartments” account for more than 80% of all transactions since the last decade, and this number
has constantly increased since the Second World War, when a majority of transactions concerned new
dwellings. Moreover, the transactions selected in the construction of the index only concern private
contracts between private individuals.

The standard approach is to find different homogeneous areas in the Paris region characterized a simi-
lar price dynamics, or a similar market. These regions are determined a priori, and we will denote
them by s. We denote the price of a dwelling (i, s) at time t by p; ., and the characteristics of dwell-
ing i such as the floor area, the number of rooms ..., by z; ¢ ;.

p;s,t ~ C(S, Zi,s,t)p;,t' (2)

where p; . is the implicit reference price in region s, and c(s, z; s +) is a corrective coefficient which
depends on the quality of the dwelling i. The corrective term and the reference price are defined up to
a multiplicative scalar, that is why, in order to identify the model, one can set the reference price, for a
given set of characteristics z, as:

Dost = Dsi < c(s,zg) = 1. (3)

The econometric model used is then:

K
lOQ(st,t) = Z Bi,s Xk (Zis,) + lOQ(P;t) + € st 4)
k=1

where €/, are independent noises, with zero-means and nZ, variances.
Xk (z; s,+) are the explanatory variables for dwelling i, which takes into account its quality.

log(ps.) is here the intercept since it corresponds to the reference dwelling, from which the different
coefficients 3, s are constructed

The Notaires-INSEE approach is then based on the three following steps:

e Step 1: Estimation of the corrective coefficients calculated from a set of predefined transac-
tions, an estimation bundle. Choice of the reference bundle, for which we want to get the price
evolution.

e Step 2: For each date t, recovery of the prices of the dwellings of the reference bundle from
the observed transaction data, and the corrective coefficients estimated in Step 1

e Step 3: Construction of difference price indices from the previous estimations.

For example, in 2003, the estimation bundle consisted of the transactions which occurred between
1998 and 2001 in region s. Some transactions, for which there are missing values, are deleted from the
estimation procedure. These goods will determine the corrective coefficients. The reference is a subset
of the estimation bundle; the dwellings with extreme prices have been deleted.

To estimate the corrective coefficients, in this example, we consider Equation (4) for the transactions
that occurred between 1998 and 2001 in region s, for which we have the couples: price p; s ;, quality

Zj st for j=1,,..Jse, s =1,..,5, t =1998,...,2001. The OLS method gives the parameters f3; ,
k=1,..,K,and log(ps,).
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K
Co(s,z) = exp (Z B s Xk (Z)>- (5)
k=1

If we now consider transactions at a different period, with new prices and qualities p; 5, and z; s, we
have:

l0g(pys) = 108 (¢(5,7150)) +108(3) + € J = Lo Joe

= 10g (¢0(5:%5:)) + 108(p3.) + €5 ®

This last approximation would be equality, if the corrective coefficients did not vary over time.
The OLS approximation of pg , is then:

Isit

1
log(p3:) = 7 ) 108 50) ~ 108 (¢0(s.150))]
e

]st ]
st
o Pl = ||[ Pist @)
¢o(s.zjst)

which is the geometric mean of the reference bundle expressed in prices of the reference quality
dwelling.

2.3.2 Model developed

The actual model for the estimation bundle, which consists of all transactions between 1998-2001 in a
given region s is given by:

4 4 K
log(p) = 10g(P0) + ) @a¥ai+ ) 0Tei+ ) fikii + s ®)
a=1 t=1 k=1

where p; is the price per square meter of dwelling i
Y, and T.; are dummies variables that take into account seasonal price variations
Xy, contains characteristics of good i

The characteristics are dummies variables, for example there will be one dummy variable for dwell-
ings with 2 rooms, one for dwellings with 3 rooms ...

The reference dwelling has been chosen to be a 3 rooms, 1% floor, one bathroom, sold in T4 1998
apartment. Its price is denoted by p,. To determine its price for other periods between 1998 and 2001,
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one has to add the time dummies. Its price at time 7, po . Will be the core of the price Index. The ob-
jective is then to determine its evolution. We can say that the transactions sold in period 7 constitute
the reference bundle. The first objective is to determine the price of the reference dwelling at the cur-
rent period 7, p, .. We assume that the § coefficients estimated in the estimation period with the esti-
mation bundle remains constant in the period .

The subscript j referred to a dwelling exchanged at period T, whereas i referred to a dwelling of the
estimation bundle. An asset j sold in period 7 satisfies:

K
log(pj,'r) = 10g(Po,r) + z .Bka,j,‘r + ej,‘r- (9)
k=1

Contrary to equation (8), the seasonal terms have been dropped since we want the index to take into
account these effects. The index constructed are quarterly index, therefore t represents quarters here.

We introduce the price of the dwelling at period 7 expressed in terms of the reference dwelling:

K
log(ﬁj,r) = log(pj,r) - Z [))ka,j,T (10)
k=1

(when B, = 0 Vk, we get the reference dwelling).

Then:

log(fj) = log(po,c) + €jr- (12)

The OLS method gives an estimation of the reference dwelling’s price in period t:

Je
1
log(fo) = 7- ) 108(0) (12)
T =

This supposed that we know what the values of the g coefficients are. By assuming that there are sta-
ble over time, we can replace S, by f, that have been computed in the estimation period with the es-
timation bundle. This hypothesis has been tested, and it seemed to hold. The estimation period con-
sists of a four years interval, and the current period follows the estimation period. The estimation peri-
od is updated at least once every five years, so that the stability of the coefficients is verified.

Introducing the 3 coefficients, we now have:

pj,T ]
e€xp (Z£=1 ﬁka,j,‘L’)

K
log(B; ) = log(p; ) — Z BrXyj = log [ (13)
k=1

From this equation, one can get the price at the current period t of the reference dwelling:

Jz Jz
1 1
log(po) = 7- ) 108(y) =-loa(] |70
=1 j=1
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por={ | |2ie | - (14)

Notation: & ; = Po

This allows us to calculate the total value of the reference bundle at the current period 7. Reintroduc-
ing subscript s, for a good i of the reference bundle, its price at period 7 can be estimated by:

K
ﬁ;s,r = exp (do,s,r + z Eka,i,s> X Ai,s- (15)

k=1
Where 4;  is the floor area of the dwelling.

The total value of the reference bundle or region s at period 7 is obtained by summing the prices the
N, goods of the reference bundle calculated at period t.

NS
Woe = ) Plow (16)
i=1

The price Index of region s at period 7 is then defined by:

D

Ity (s) = Az; (17)

For the lle-de-France region, 62 regions have been determined, within which the elasticity of the dif-
ferent variables remains constant. Within the different regions, a number of sub-regions has been in-
troduced to allow for different intercepts. The methodology used in the determination of the different
regions is not detailed precisely, but they are supposed to represent similar real estate markets dynam-
ics.

2.3.3 INSEE Indices

Price indices for lle de France real estate market has been developed by INSEE, the French national
institute of statistics. These indices are published quarterly, and are built on a hedonic approach. We
discuss below the evolution of these indices. An index characterizes the market in the whole region,
and different sub-indices are constructed for the different départements. They are calculating by ag-
gregating the different index of the sub regions defined by (17).

10
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Figure 1 Evolution of the Notaires-INSEE indices

Evolution of Notaire-
INSEE indexes

s-INSEE indexes

Notaire

—— Grande.Couronne
edefrance

T T T T T T
T11981 T11986 T11991 T11996 T12001 T12006

date

We see that there is a strong correlation between the price indices of the different départements. The
price indices have been normalized so that they start at the same level as the Paris Index, which can be
seen as the reference index, because it is the oldest one. In T1 2010, we see that the Paris index is the
highest of all indices, which confirms that Paris city prices have resisted quite strongly to the last cri-
sis.

This graphic also shows that there has been a long upward trend in the Real Estate Prices in the Paris
region, except for the crisis between 1991 and 1995, and the recent subprime crisis, whose effects was
very short on the Real Estate Market in lle-de-France.

The following table confirms the strong relationship between the evolutions of price indices in lle-de-

France. We calculated the correlations between the quarter to quarter evolution of the different indi-
ces, defined by, for each index m and each quarter q;, q41:

I m
Reys™ = log (%) (18)
qt

11
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Table 1 Correlation between returns of price indices in IDF

P HdS SSD VdM SeM Y E VdO PC GC IdF

Paris 1 0.79 0.72 078 0.72 0.78 0.7 0.77 0.82 0.82 0.97

HautsdeSeine 079 1 0.73 086 0.78 0.81 0.73 0.76 0.97 0.85 0.94

SeineSaintDenis  0.72 0.73 1 0.83 0.74 0.74 0.78 0.8 0.85 0.83 0.84

ValdeMarne 0.78 086 0.83 1 0.83 082 085 08 094 09 0091

SeineetMarne 0.72 0.78 0.74 0.83 1 0.77 0.8 0.84 0.83 0.89 0.83

Yvelines 0.78 0.81 0.74 082 0.77 1 0.71 0.79 0.85 0.94 0.87
Essonne 0.7 073 078 085 08 071 1 0.8 0.81 0.88 0.8
ValdOise 0.77 076 08 08 084 079 08 1 0.83 092 0.85

Petite.Couronne  0.82 0.97 0.85 094 0.83 0.85 0.81 083 1 0.91 0.97
Grande.Couronne 0.82 0.85 0.83 09 0.89 094 088 0.92 091 1 0.92

IledeFrance 097 094 084 091 083 087 08 085 097 092 1

This table shows that the correlation between the term to term evolutions of the price indices is very
high between the different départements, suggesting that the real estate market may be driven by a
common factor influencing the different départements.

We will use these price indices with the model exposed in the next section to try to make forecasts of
the real estate market.
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3 Regime Switching Model

3.1 Presentation

A Hidden Markov Model is a doubly embedded stochastic process. The first process consists of the
hidden sequence of states, which is not observed, but can be inferred from the other process which
produces the sequence of observations. We denote the N states by 1,...,n,..., N, and the state at date
t by S;. In the specific case of financial data, the state can be interpreted as “the state of the world”
and essentially characterizes periods of high uncertainty or bubbles and periods of calm, or period of
expansion and recession.

The Markov term in the name of the model refers to the definition of the process generating the hidden
sequence of states. In this paper, we assume that this process is driven by a first-order Markov chain.
A transition matrix drives the process, and the transition’s rule between two states satisfies the Mar-
kov property:

P(Ser1 =nqlSe = ny, Semq =n3...) = P(Sey1 = m|Se = np) = Tr(ng,ny)
Where Tr denotes the transition matrix.

This transition matrix is a stochastic matrix:

N
vn, € [1, N]],Z Tr(ny,n) =1, Vny,n, € [1,N],0 < Tr(ny,ny) < 1.

n=1

We will discuss the case of Hidden Markov Models which are parametric random processes. In these
models, the number of parameters is finite. Some of them will characterize the distribution of the pro-
cess conditionally on the state, and the others will determine how the process switches from one state
to another. The model depends on the number of states N, on the parameters of the conditional distri-
bution, and on the initial probability. The parameters are represented by:

6 = (Tr,B,m).

Tr is the transition matrix, B contains the parameters of the conditional density, and m represents the
probability of the initial state.

We will denote the sequence of observations by R = (Ry, ..., Rr), where T is the length of the se-
guence. R will represent the returns of an asset, or the term to term evolution of the price index.

13
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The density of the returns, conditionally on the state is supposed to be Gaussian here, and the density
will be denoted by f,,. In this case, and when we consider one index, B contains the N means and the
N variances parameters of the time series, in the different states.

The density at time t, once we have determined the probability of being in the different states, and for
a set of parameters 6, is given by:

N
F(Re|Ri-1,6) = Z P(S = n|Re_1,6) * f(Re IS; = n, 6, Ro_s), (19)

n=1

where f,, simply is the density of the Gaussian distribution in state n.

Ry is the notation employed to say that we use all the sequence data.

R, will be used when we use all the data up to date .

The log-likelihood of the model, which will be maximized to get the maximum likelihood parameters,
is given by:

T
L(R|6) = Z log f(Re|Re-1,6). (20)
t=1

The total number of parameters, when we work with N states and with M assets, is given by: N x M
parameters for the different means, (N — 1) x N parameters for the transition matrix (we assume that
the states are the same date in each date, and their dynamic is therefore driven by the same transition
matrix), N X M x (M + 1)/2 parameters for the N variance-covariance matrices, and finally N pa-
rameters for the N — 1 parameters for the probability of the different states in the first date. For in-
stance, if N = 2 and M = 1, we have to estimate 7 parameters, when N = 3 and M = 1, 14 parame-
ters, when N = 2 and M = 2, 11 parameters, and when N = 3 and M = 2, 20 parameters.

We see that, because of the quadratic term in M in the number of parameters for the variance-
covariance matrices, the number of parameters grow fast with M. This is one inconvenient of this
model, and it has to be dealt with when we want to model different assets jointly.

In order to estimate this model, we will use the Baum-Welch algorithm, which is a part of the Expec-
tation-Maximization class of algorithms.

This main problem with this algorithm is that it can converge towards a local maximum. In order to
find the global maximum of the likelihood function, we usually estimate the models with different ini-
tial conditions, and choose in the end the solution with the higher value.

The initial conditions can be drawn randomly, respecting the constraints for the different parameters,
the initial transition matrix has to be a stochastic matrix for instance, and the variance-covariance ma-
trices have to be definite positive. We can also set the different parameters with specific values. For
example, for the means and the variances parameters, we can estimate the Gaussian Mixture Model on
the observations in order to have a first guess of these parameters.

14
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It can be noted that the Gaussian Mixture Model, where we assume the observations come from a
mixture of Gaussian distributions, is a special case of the Hidden Markov Models. In fact, if we sup-
pose that there are two states, and that the observations come from a mixture of Gaussians with
weights p and 1 — p, the equivalent Hidden Markov Model is defined by a two states model, with the
same Gaussian distributions in the two states, and by setting the initial probability equaled to the er-
godic probability. If we denote the different transition coefficients by p; 1, p»,, then the ergodic proba-
bility is given by:

Starting with this initial probability we assure that the probability of being in the different states at
each date will remain the same. Then, to obtain the same model as the Gaussian Mixture Model, we

just have to choose the transition matrix coefficients such as p = ﬁ Therefore, Hidden Mar-
~Hi11 22

kov Model is richer than a standard Gaussian Mixture Model. In particular, when predictions are
made, the weights of the different Gaussian components vary over time.

3.2 Estimation of the model: the Expectation-Maximization
algorithm

The Baum-Welch algorithm is iterative, and at each iteration, it gives parameters’ updates. The algo-
rithm is based on the inference that can be made at each period about the state of the process. We in-
troduce the probability of being in the different states, knowing only the past, or the whole sequence.
In the latter case, we say that they are smoothed probabilities.

We need a initial probability, 7z, the probability of being in the different states at t = 1.

Then, a recursive algorithm gives us the probability sequence of being in the different states. This is
the expectation step of the algorithm, which is based on Bayesian updating. It relies on the recursive

calculation of P(S, = n|R;,8) and P(S;41 = n|R;, 0).

P(St = nlﬁt—p@) * f(Re |Sy = nrarﬁt—l)
211\1’=1P(St = ant—lre) * f(R Sy = nre'Rt—l)’

P(S, =n|R.0) = vne[L,N] (21)

where we can see that:

(St = n|Et—1;9) * f(Ry IS¢ =n,0, Et—l ) =PRSS =n |ﬁt—1:9) (22)
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and:
[P(Sers = nlRe O], =T X [P(S: = n[Fe ) s @)

Moreover, once these probability sequences have been determined, it is important to calculate the
backward probabilities, also called the smoothed probabilities. The method has been developed by
Kim (1993).

We have the recursive formula, that has to be applied fort =T — 1, ...,1:

N
P(S, = j|Ry, 6) = Z P(S; = j,Sess = i IRy, ), (24)

=1

where:

Trj; * P(S.=j| ﬁt—l;e)

AL (25)
P(Sey1=1] R, 0)

P(St =J,St41 =1 |:RT: 0) = P(St+1 = i|:RT' 9)

Then, conditionally on the probability of being in the different states, we can update the means and the
variances parameters, along with the transition matrix. This is done in the maximization step. In this
simple case, where we work with Gaussian distributions, the good thing is that we have analytical
formulae to update these parameters. It has been showed that the likelihood obtained with this method
does converge towards the likelihood of the model.

The update formulae for the means and the variances are given by:

2’521 P(St = n|RT,§) X Rt

i(S = n|R;) = - 26
‘Ll( nl T) r{‘;lp(st — anT’e) ( )
T _ A~ A _ 2
62(5 — anT) — 2t=1[P(5t - :’:lRT'H) X Rt MES =n |RT)] : (27)
YI_ P(S; =n|R.,0)
YT P(S;=j,S_1=i|Rs 0
TTij _ &t zT( t =] t_1. | AT )’ (28)
T ,P(See1 =i|R,0)
ft = P(S; = n|Rs, 6). (29)

For the means and the variances parameters, the updating formulae are like the standard maximum
likelihood formulae, except that we weight the observations by the probability that they are drawn in
state n. The probability of the different states at time 1 is then the smoothed probability when t = 1.
The transition matrix parameters is calculated from the number of times it appeared the process has
switched from state one state to the other, divided by the number of times the process has been in this
state.
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Dempster, Laird and Rubin have developed the Expectation-Maximization algorithm in 1977. At each
iteration, the likelihood function increases. This assures the convergence of the algorithm.

3.3 Simulation of the model

Another interesting aspect of the model is that it is quite straightforward to draw Monte-Carlo simula-
tions. To draw samples from a Hidden Markov Model, we need to have the different parameters, the
transition matrix, the different means and variances, and finally the initial probability of the process.

Then, if we want to get Msimulations, we just have to follow this procedure, where H denotes the
horizon of the simulation:
e Ifh=1:
o Draw the state according to the initial probability
o Draw an observation with the parameters of the state
o h=nh+1

e Ifh>1andh<H
o Draw the state from the transition matrix: P(S;, = n;) = P(Sy—; = n,, Sy, = ny)
(it corresponds to the n, line of the transition matrix)
o Draw an observation with the parameters of the state
o h=nh+1

This is an intensive task which has to be repeated several thousand times in order to obtain good esti-
mates of cumulative distributions for example. Nevertheless, the procedure is easy and allows making
forecasts.

In the case of log-returns, there is an analytical formula for the cumulative returns, but in practice, the
computational time is longer if we want to obtain cumulative returns’ distributions for each date be-
fore the horizon H.

We first apply these models to the price index developed by INSEE, before presenting an example
with a hedonic regression where we apply regime switching models to the intercept that have been es-
timated.

3.4 Application of Regime Switching Model to INSEE indices

The objective is to find a model that can fit the Notaire-INSEE indices for each département. For Par-
is, the length of the observation sequence is 123 trimesters, ranging from T2 1980 to T4 2010, where-
as for the Petite-Couronne, it is only 79 trimesters, from T1 1991 to T4 2010, and 60 for the Grande-
Couronne, from T1 1996 to T4 2010. The time series are not very long, but one could hope that they
restitute the trend of the different markets faithfully, as they aim to eliminate most of the noise, most
notably the quality heterogeneity in the data.
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Different models have been tested. In the first case, we decided to assume that the dynamics of the dif-
ferent indices where independent, and depended only on its past evolution. We decided to model the
term to term evolution of the different indices (returns of the indices).

One key aspect of Regime Switching Models is to determine the number of states. As the number of
states grow, the number of parameters increases linearly. With this type of data, the problem is that the
number of observations is quite low, so the addition of a new state will have a negative impact on the
estimation of the different parameters. In order to select the best model, it can be interesting to look at
Information Criterion, and more specifically the Bayesian Information Criterion.

The BIC for the Paris index with two states is much lower than the BIC when we estimated the model
with three states. That indicates that the better fit given by the introduction of a third state is not suffi-
cient to choose the three states model over the two states model. The same conclusion is found for the
other indices.

We have summarized the estimations of the different models in the following table, for the different
indices. We have to remember that, given the low number of observations available, the precision of
the estimators is not very good, but the main objective here is to try to detect different states of the re-
al estate market.

Table 2 Correlation between returns of price indices in IDF

Paris HdS SSD VdM SeM Y E vVdo PC GC IdF

Mean
Statel -159 -137 -100 -0.87 0.27 -1.78 0.28 0.17 -0.97 -0.61 -1.03
State2  3.13 250 275 2.60 3.22 206 3.97 340 257 240 250
Variances
Statel 4.96 3.93 347 2.76 411 3.92 347 434 282 344 292
State2 2.89 2.64  3.45 2.33 3.78 3.06 263 342 321 257 164
Transition
Statel 091 094 095 095 09 080 097 097 095 090 0.85
State2 0.96 0.97 0.97 0.95 0.97 0.97 0.88 0.95 095 097 0.98
Nb. Obs.

123 79 79 79 60 60 60 60 79 60 60

Three of the models estimated do not have a state with a negative mean. The three départements are
part of the six for which only 60 observations are available. These time series do not begin before the
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1991-1995 crisis, and therefore only catch the last financial crisis. The state with a mean around 0 has
a higher variance than the other state for these three départements. Plotting the sequence of probabili-
ties of being in the different states show that this state occurred in 1996 and 2007-2009, so the switch
occurred when the prices started to stop increasing, just before the subprime crisis.

We can compare the results obtained above with those of a joint regime switching regime. For sake of
simplicity, we only consider 5 départements from the Petite Couronne, those for which at least 79 ob-
servations are available. In each state, we assume that the returns of the indices follow a multivariate
Gaussian distribution. Moreover, in each state, we allow for different correlations between the differ-
ent indices. The results confirm the one obtained above, and show that it is a good approximation to
consider that the states are common to the different départements. The following table reports the re-
sults of this model.

Table 3 Results of the switching regime model for the different départements

Paris HdS SSD VdM

Mean

Statel -1.65 -162 -1.64 -1.21

State2 2.64 233 229 224

Variances

Statel 421 377 343 264

State2 151 278 383 272

Transition

State 1 0.93

State 2 0.98
Correl S Paris HdS SSD  VdM Correl 2 Paris HdS SSD  VdM
Paris 1 027 035 042 Paris 1 080 048 062
HdS 027 1 022 064 HdS 080 1 064 074
SSD 035 022 1 0.52 SSD 048 0.64 1 0.76
VdM 041 064 052 1 VdM 062 074 076 1
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The different parameters estimated here are quite close to those found in the univariate case. There is
however one more information conveyed by these estimations, namely the correlations between the
different indices in each state. It appears that these correlations are much higher in state 2, the “good”
state, than in the “bad” state. This would imply that periods of recession may exhibit less similitude
among different départements.

A second model was developed, and uses an explicative variable: the borrowing rate. Other explica-
tive variables have been tried. The correlation between the Notaires-INSEE index and the CAC 40,
the main French stock index was tested, but no correlation was found. The correlation between the
borrowing rate, available each quarter since 1995 and the real estate index is significant. A linear re-
gression of the term to term evolution of the Paris index against the one quarter lagged value of the
borrowing rate gives a R? of 0.4. One problem is that the average duration of the loans is not availa-
ble, and it should be used along with the borrowing rate to have a better idea of the price really paid
by buyers.

Figure 2 Price index return in Paris, and the borrowing rate

Price Index return in Paris agains borrowing rate

Borrowing rate

—_— Pmcemdexev&uﬂon
— Borrowing rate
T T T T T T

q195 q198 a1 01 q104 ql07 q110

The model can be written as:

Rem = am(Se) + B (S1e—2 + €, (30)

where R, , represents the “return” of the Index in region m, a,,(S;) the mean in state S;, B,,,(S¢)
measures the impact of the borrowing rate in state S, and € the residuals, has the same variance o2 in
the different states.

The regime switching model fitted with the Paris Index found two states.
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Table 4 Result of the Regime Switching Model with the borrowing rate

Mean Variances Transitions Probaf Beta
State 1 -2.45 2.07 0.748 0.022 0.04
State 2 7.36 2.07 0.978 0.978 -0.867

The first state is the state of crisis, with a negative mean, and is less persistent than the second test.
The effect of the borrowing rate in this state is 0, whereas, in the “good state”, a decrease of the bor-
rowing rate leads to an increase of the price index.

The states found in this model can be compared to those found in the previous model. The following
graphic plots the probability of being in the different states over time:

Figure 3 Probability of being in the “bad” state

Price index in Paris and probability of being in the 'bad' state
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This illustrates that the states found in the two models are almost the same (the orange series only start
in 1995). The main difference is that the model with borrowing rate switches to the “good” state be-
fore the other one in 1997.

These results are encouraging; they show that the regime switching models are able to take into con-
sideration the different trends of the real estate market. When forecasting, this leads to a bimodal dis-
tribution for the near future, since there is a strictly positive probability to go back from one state to
another, and the means are very different.
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4 Regime Switching and Hedonic Model

4.1 Presentation

In this section, we introduce a new model that aims to take directly into account the temporal dynamic
of the real estate market in the hedonic model, using the Notaires database.

For each département, we fit a specific model. We allow for a dummy variable specific to the com-
munes to take into account different levels of prices. The coefficients relating the prices of the differ-
ent attributes to the price of the whole dwelling are supposed to be constant over time in each dépar-
tement.

In fact, the regime switching approach is implemented in the intercept specific to the départements.
Therefore, the regimes are specific to the different départements, but they can still be easily compared
across départements.

The specification we use is the following:

K
log(P™™) = a + ) BiXii+ e, Vi€ [LN] (31)

k=1

Py represents the different parameters, and is assumed to be constant over time, X, ; represents the

characteristics of the dwelling used in the hedonic regression, and Pisurf represents the price per

square meter of the dwelling. We use the logarithm of the price per unit of surface as it has been
shown that this transformation decreases heteroscedasticity.

We estimate two types of model, where t will either represent quarterly, or monthly period of times.
Taking a monthly time step gives less robust estimation for the parameters of the hedonic model, but
gives more observations to be analyzed by a regime switching model. Taking quarterly period gives
more robust estimation, but the number of observations is then very low for the regime switching
model.

We assume that the time dummy variable has the following specification:
ay = ap_q + pSt + oStey, (32)

where €, ~ N(0,1).
This specification is justified in the next part. The objective is to measure the trend of the real estate

market in this variable. We allow for two different regimes, since the number of observations, even
when taking monthly periods, is not sufficient to estimate correctly more regimes.
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We run these types of models for the different départements, and we add a dummy variable for the
communes in the regressions. We use different characteristics of the dwellings in the hedonic regres-
sions: the number of rooms, the presence of a garage, a swimming pool, or a terrace and the floor lev-
el.

We focus on the transactions that are made between two consenting individuals or gré-a-gré. We
eliminate the transactions for which the price or the floor area is not available. We also eliminate the
transactions for which the data entered are outliers, for instance when the price is below 10 000 €. As-
sumptions have been made, for example a missing value for swimming pool is interpreted as no
swimming pool for the dwelling consider.

4.2 Estimations

The estimations of the hedonic models in the different départements give R? around 0.6 in average.
There is a difference between Paris and the other départements concerning the coefficients of the
number of rooms. As the number of rooms increases in Paris, the price per unit of surface decreases,
whereas the converse is true in the other départements. This can be viewed as a preference to big
rooms in the suburbs, whereas in Paris, more and smaller rooms are preferred to fewer and larger
rooms.

There is no other major surprise, the price increases with the presence of a terrace, a garage, the pres-
ence of a swimming pool. Prices tend to be slightly lower when the floor level increases.

The introduction of a dummy variable for the different communes, increases a lot the R? of the estima-
tions, this shows the disparity of the real estate market across communes, even in the same départe-
ments.

We report in Appendix the time dummies for the different départements, for the monthly and quarter-
ly data.

These variables exhibit a non-stationary behavior; it seems that a period of expansion follows a period
of recession, in the early 1990’s. This is confirmed by the historical crisis of the real estate market at
that time, followed by a dramatic increase ever since. A first-difference is required to make the pro-
cess stationary. We use a regime switching approach to take into account the different trends that ap-
pear in these variables.

A first important observation is that we do not have the same number of data in the different départe-
ments. For Paris, and the surrounding départements — 92, 93, 94 — data are available between 1991
and 2005. For the other départements, farther away from Paris: 77, 78, 91, 95, data are only available
between 1996 and 2005. Data between 1991 and 1996 did not specify the quarter or the month of the
transactions. We used the frequency of transactions between 1996 and 2005 to affect the different
transactions to different months and quarters.

It can be observed that the time dummies have a decreasing trend between 1991 and 1997, and an in-
creasing trend from 1997 onwards. Unfortunately, for the four départements for which data are only
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available since 1996, the decreasing trend is very short and only slight. The regime switching ap-
proach may not be very appropriate for these time variables.

Moreover, contrary to the previous study on INSEE indices, the last financial crisis that did affect the
real estate market in lle de France is not comprised in the data used.

We report below the different estimations with a quarterly time step:

Table 5 Parameters of the regime switching model of the time dummy variable for the different
départements with quarterly data

Départements Mean 1 Mean 2 V1 V2 Trl-2 Tr2-1
75 0.029 -0.013 0.0003 0.0005 0.00 0.04
92 0.030 -0.008 0.0005 0.0008 0.00 0.03
93 0.037 -0.002 0.0006 0.0008 0.00 0.03
94 0.032 -0.045 0.0008 0.0009 0.00 0.03
77 0.027 0.008 0.0007 0.0005 0.00 0.05
78 0.026 0.0001 0.0006 0.0004 0.00 0.10
91 0.041 0.008 0.0007 0.0005 0.00 0.039
95 0.027 0.0015 0.001 0.0001 0.00 0.087

The first two columns contain the means estimated in the two states. Column V1 and V2 contain the
variances of the regime switching model, and the last two columns contain the transition probabilities
between the two states.

We can see that the first regime has always the highest mean, is more persistent, and has a lower vari-
ance. It corresponds mostly to the period from 1997 onwards. The second regime has a negative mean
for the three départements for which we have data since 1991, and includes the downward period be-
tween 1991 and 1997. For the other départements the mean is very close to 0 in the second regime and
the variance is still higher than in the first regime. This shows that this model was able to capture the
time varying component of the hedonic model.

The most striking result is that state 1 seems to be an absorbing state in most of the cases; the transi-
tion from 1 to 2 is very low. The model would predict that it is almost not possible to go from the
“good state” to the “bad state”. This is obviously not a very satisfactory result, but can be explained by
the data which were used in this model. The data do not include a second period of decline in the real
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estate market, which would have allowed a significant transition probability between the “good” and
the “bad” state.

If data after 2005 were used, there would have included the subprime crisis. This would have probably
allow to estimate different parameters for the transition matrix, increasing the probability of switching
from state 1 to state 2, and improve the prediction power of the model. This also shows that this kind
of model “learns” with time, and must be used with a sufficiently large time window.

The second table contains the results of the estimation with monthly data:

Table 6 Parameters of the regime switching model of the time dummy variable for the different
départements with monthly data

Départements Mean 1 Mean 2 V1 V2 Trl-2 Tr2-1
75 0.010 -0.0047 0.0004 0.0008 0.00 0.012
92 0.0047 -0.013 0.001 0.007 0.02 0.11
93 0.0020 0.0044 0.001 0.007 0.11 0.32
94 0.0048 -0.0036 0.001 0.0029 0.00 0.02
77 0.0075 0.0001 0.0006 0.004 0.022 0.10
78 0.029 -0.010 0.0004 0.0008 0.001 0.62
91 0.051 0.0022 0.0009 0.0001 0.017 0.14
95 0.0049 0.0089 0.0008 0.003 0.073 0.40

Here again, the mean is overall higher in state 1 than in state 2, and the variance is much lower. Once
again, state 1 is much more persistent than state 2, and is absorbent for two of the three départements
for which data are available since 1991. For the other 2 département, the process switches several
times during the different states, most particularly between 1991 and 1997, which explains the non-
zero transition probability.

We can compare these results with those obtained if we simply added a time trend to the Hedonic
model, instead of modeling a time component by a regime switching model. In this case, we obtain the
following results:
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Table 7 Trend coefficients o hedonic regression models for the different départements

75 92 93 94 77 78 91 95

Quarterly 0.014 0.013 0.0092  0.011 0.018 0.020 0.016 0.018

Monthly 0.0048  0.0042  0.0031  0.0037  0.0059  0.0066  0.0054  0.0061

We can see that the results obtained by a simple linear trend are between the means in the two states
obtained with the regime switching model. This shows that this kind of model take into account the
different behaviors of the real estate market, and improve a simple hedonic model with linear trend.

As mentioned before, the most important caveat in the model developed here is the transition coeffi-
cients between the different states. We need to use more data in order to be able to measure the proba-
bility of switching from the “good” state to the “bad” state. The data used here did not contain such a
period, therefore the prediction made in this framework will probably be too optimistic.

Nevertheless, if this type of model is estimated on data containing such periods, the price predictions
are likely to be better than the ones given by a hedonic model with a time-trend.
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5 Conclusion and Extensions

We have used hedonic regression models for the Paris region, and will continue to work on the devel-
opment of a more sophisticated model that takes into account spatial correlation. Two options are
available: either define regions with similar market dynamics, as done by INSEE, or take a specifica-
tion that accounts for spatial correlation.

For example, Lochl and Axhausen (2009) applied the hedonic approach to residential rents in Zurich.
We will try the different specifications on dwelling prices. They used three models: ordinary least
square (OLS), spatial autoregressive (SAR) and geographically weighted regression (GWR). The OLS
model lacks the ability to consider spatial dependency and spatial heterogeneity, consequently leading
to biased and inefficient estimations.

SAR is a popular approach to incorporate spatial effects in a regression model. It assumes that the re-
sponse variable at each location is a function not only of the explanatory variable at that location, but
of the response at neighboring locations as well.

The GWR method, developed by Brunsdon, Fotheringham and Charlton (1998), attempts to in-
corporate geographical information into a regression model using a series of distance related weights.
Essentially, it consists of a series of locally linear regressions that utilize distance-weighted overlap-
ping samples of the data.

These developments could be then used with the regime switching approach presented here, and allow
to make predictions in time and space for any type of dwellings.

Regime switching models have proved to be able to detect structural changes in the real estate market.
Used with INSEE indices, they were able to detect rapidly switch in regimes. Moreover, using an ex-
plicative variable such as the borrowing rate confirmed the results found.

In the hedonic model developed, the time dummy variable exhibited behavior of a non-stationary var-
iable which is suitable for fitting with a regime switching model. A larger window of observations
would have allowed us to eliminate the absorbing states which were sometimes estimated. This type
of models allow however to detect the different behaviors of the real estate markets comprised in the
data.
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7 Appendix

We represent below, for the different départements, the time dummy coefficients estimated in the he-
donic regression models with quarterly periods. They exhibit non stationary behavior, which is why
we take first order differences before estimating a regime switching model.

Figure 4 Time dummy coefficients in the hedonic regression models with quarterly periods
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Figure 5 Time dummy coefficients in the hedonic regression models with monthly periods
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